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Physics. — “(m thermoeleetrie currents in mercury”. By Prof. 
H. Haga and Dr. F. ZERNIKE. 


(Communicated in ihe meeting of March 29, 1919). 


In an extensive paper “Ein für Thermo-electrizität und metallische 
Wärmeleitung fundamentaler Effeet’”, ‘) C. Brnepicks endeavours to 
show the existence of a thermoelectrie force in a homogeneous con- 
duetor, wben at both sides of a heated part the temperature falls off 
at a different rate, i.e. the temperature gradient is different. *) He 
makes due allowance for the possibility of the thermo-eleetrie force 
which appears under these eircumstances in solid eonductors being 
due to changes of structure, which would make the eontiguous parts 
of the eonduetor behave as different substances. Therefore he 
considers the proof of the reality of the force mentioned to depend 
upon the success of experiments with a liquid econductor. To this 
end he used a glass tnbe filled with mercury, which had been drawn 
down at one point, and heated the wider part next to it, thus 
bringing about a high temperature with slow decrease in the wide 
part, and steep gradient ‘at the constrietion. He did not obtain 
reliable resnlts from these experiments, which he supposed to be 
caused by the conduction of heat through the glass. This would 
heat the mercury in the narrow part and thus prevent the tempe- 
rature from falling off with suffieient steepness. Against the 
well-known experiments of Macnus, who could not detect any 
current in bringing into contact mercury conductors of different 
temperature, and who worked also with unequal temperature gradients, 
BEnEDICKs advances the low sensitiveness of Macnus’s pointer-galva- 
nometer compared with the mirror galvanometers of the present time. 

We have devised an experimental method by which, while 
using mercury, all the conditions of Bknknicks for a sensitive test °) 
would be met, thus enabling us to get a conclusive decision as to 
the reality of the new effect. This method consists in the use of 
two mercury jets joined to a sensitive galvanometer, one of them. 


!) Ann. der Physik. 55, p. 1—-80, p. 103—150. 1918. 


®) Pogg. Ann. 28, p. 497, 1851. Magnus here tried to disprove the production 
of thermo-electrie currents under these circumstances. 
al. cap, 118, 
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being heated. The influence of the wall, feared by Bexenicks, is thus 
completely eliminated; the surface of contact can be made very 
small and in this surface the mercury is continuously renewed, thus 
making the temperature gradient very large and stationary. 3 


/: 


*2 4Meter 


The aceompanying figure shows the arrangement used. To a 
glass bulb A is attached a tube 2, the end of which has been 
82* 
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reduced to a small aperture in the blow-flame. (€ is a capil- 
lary joined to half ametre of rubber tubing, which leads to &. D, E, F 
form together a second glass part; the lower end of f is joined 
through another half metre of rubber tubing to @, which is bent 
three times up and down. At P a platinum wire has been sealed 
into the glass tube. 

Half of bulb A and all the rest of the glass apparatus was filled 
with mereury distilled in a vacuum. A stout rubber pressure tube 
was slid over the narrowed top of A and joined at the other end 
to a reservoir in which air had been brought-to a pressure of 2 to 3 
atmospheres. The arrangement described served the double purpose 
of preventing heat being carried by conduction from the heated tube 
B to the platinum wire P, and also procuring an easy way for 
refilling bulb A with mercury. 

For each mercury jet a similar apparatus had been prepared. 
The two parts (@ were tied together and placed in a vessel with 
water. (48 x 24 x 20 em.). To the platinum wires ? were soldered 
the ends of flexible wires covered with rubber and silk, leading to 
the galvanometer, the junctions and the bare platinum and copper 
ends being thickly coated with shellac. Two metres of the leads 
were immersed in the water, thus preventing any conduction of heat 
either through the mercury or through the copper, and securing 
perfect equality of temperature of the two mercury-platinum-copper 
junetions. The resistance of the connecting wires, the tubes with 
mercury and the mercury jets’ was 1.5 ohms. The galvanometer 
used was one of the Tmomson-type, made by ÜARPENTIER, in which 
the original astatic system had been replaced by a system according 
to pu Bors-Rugens, made by Sıemens and Hauske, suspended by a 
quartz fibre of 7u. The coils had a resistance of 2.7 ohms; the 
scale-distance was 2.8 metres; the magnifying power of the reading 
telescope was 33 times. | 

By adjusting the directing magnet the sensitiveness was raised to 
a deflection of I mm for 5.8 x 10° ampere; the total resistance 
being 4.2 olıms, 1 microvolt produced a deflection of 4] mm. With 
this sensitiveness, however, we could not make any measurements 
till after the cessation of the tramway traffic, but then we could 
trust tbe reading to within 0.1 mm, unless unusnally large fluetua- 
tions of the magnetic declination occurred. 

One of the apparatus ABC was attached to a solid stand permit- 
ting slow displacements in three perpendieular direetions. 

In order to colleet the merceury the nozzles were placed in a short 
vertical glass tube of 4 cm. diameter, two vertical slots allowing 
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the tubes 3 to enter. The top of this tube was covered by a wooden 
ring with a glass window, through which the jets could be observed 
with the aid of a binoeular microscope magnifying 15 times. The 
jets hit the glass window and the mereury dropped in a beaker 
placed underneath. 

With suitable nozzles the first centimetres of the mereury jets 
appeared like highly polished metal wires, their diameters being 
capable of exact measurement on a divided scale in the eyepiece 
of the mieroscope. 

In the experiments to be mentioned these diameters were 0.10 and 
0.13 mm. Farther away from the orifices the surface of the jets 
was dull, an indication that they had broken up into droplets. 

If the adjustable jet was slowly made to approach the other one, 
the surfaces came into contact, causing the jets to .deviate from their 
original direetions, which were perpendicular to each other. A slight 
displacement wholly changed the aspeet: the jets united to a thin 
membrane, which resolved into droplets after a short distance. With 
central impact this membrane was perpendicular to the plane of 
the jets. 

The upper part of tube 3 was surrounded over a length of 16 cm. 
by a elose-fitting copper tube which could be heated by putting a 
gasburner under it. In this way the flowing mercury could reach a 
very high temperature. This was evidenced when once the pressure 
was released immediately after removing the flame, the glass tube 
being shattered by the sudden abundant development of vapour 
from: the superheated liquid. An exact determination of the tempe- 
rature seemed superfluous. as the experiments were of a tentative 
character, so we simply estimated it from the aspect of the vapours 
rising from the jets. 

Many series of observations were made on different days, which 
agreed perfectly with each other. The following table gives one of 
these as an example. The numbers in the second and third columns 
are scale readings in mm. 

From 1" 27m to 1® 317 the jets were not heated, and readings 
were taken alternately with the jets not colliding and colliding 
centrally. The deflection is caused by spurious thermoforces in the 
eireuit. 

After that the gastlame was put under the copper tube, which causing 
the mercury jet to rise "gradually in temperature; the deflections 
-inereased at the same. time. After the removal of the flame the 
defleetions decreased, resuming the original value, as soon as the 
mercury had reached room-temperature. By heating the other tube 
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Scale readings. 


Time DEREN RE n Deflection. 
A Jets free. Jets in contact. 
er EEE ei) 
WER u 161.9 + 7A 
153.8 
161.9 + 8.0 
154.0 
161.7 + 7.7 
154.0 
1h 31m flame under copper tube 
153.2 
161.4 + 8.3 
153.0 
161.7 + 8.7 
153.0 
162.0 + 9.2 
152.9 
| 162.6 20,8 
| 
| 153.0 vapours appear 
| 163.0 + 10.0 
153.0 
| 163.2 -+ 10.2 
153.0 abundant vapours 
163.5 + 10.8 
152.7 
163.7 + 10.8 
153.0 
flame removed 
152.7 | 
163.5 + 10.8 
152.7 


mercury at room temperature 


154.0 | 

Inam 154.2 | 
 1h 48m 155.2 | 
| 155-2 


162.1 


162.8 


8.0 


1-6 


the deflections became less than 
to be reversible. 


In order to find out whether 


! 


without heating, showing the effect 


the deflection for ünequal tempera- 
tures of the jets — maximum 3.2 mm. — could be aseribed to a 
chemical reaction between the mercury and the glass, we heated 
tube 3 for an hour with the pressure off, so as to give some of 


Br 


one 
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the mercury a much greater opportunity (han in ordinary cases to 
form such a combination. Thus the mercury jet would have got 
different composition for the first minute of the experiment and a 
changed deflection would result. As we did not find any change in 
the deflection we cannot aseribe the observed effeet to chemical 
contamination of the mercury. 

Our effeet may however be explained, as to magnitude and direc- 
tion, by the thermo-eleetric force between mercury under pressure 
and mercury without pressure. This force was first observed by 
Des CouDRes'), and afterwards measured also by Waenkr and Hörıe ?). 
The mereury in our glass apparatus had the pressure of the com- 
pressed air, the mercury jets consisted of mercury at atmospheric 
pressure and their points of contact with the mercury at high 
pressure were at different temperatures. 

We proved by a separate experiment that this explanation is the 
right one. We connected the tops of the tubes 3 by a short close- 
fitting glass knee, which was thus filled up by the mercury from 
the jets, a small aperture in the upper part serving as an overflow 
for the merceury. One of the tubes 3 now being heated, we obtained 
deflections of the same order as before, althouglı there were no free 
mercury jets and therefore no sudden transition of temperature. 

There is, however, one detail which remains unexplained in this 
way: we always found a greater effect for superficial contact of tlıe 
jets than for a full contact. The difference increased with the differ- 
ence in temperature and amounted to 15 mm. in maximo. 

This phenomenon might be due to the increase of the temperature 
gradient at a superficial contact and then would prove the reality of 
Benepicks’ so called fundamental effect. Of course one should not 
forget that this thermo-eleetrie force amounts only to 3.5 x 108 
Volt for the extremely steep fall of temperature of 300° over a 
distance less than 0.1 mm. Therefore this small force may be wholly 
neglected in all practical cases where it appears together with ordi- 
nary thermo-electric currents. We devised yet another experiment 
to demonstrate the minuteness — perhaps even the non-existence — 
of this effect of temperature fall, and to get rid of the disturbing 
pressure effect. A thin-walled glass tube was prepared, diameter 
outside 1.00 mm, inside 0.80 mm, and drawn down at the middle 
part to an outside diameter of 0.45 mm, inside diameter 0.30 rum. 
This tube was attached by short rubber tubes to the tubes 2, from 


ı) Des Coupres. Wied. Ann. 43, p. 673, 1891. 
2), E. WAGNER. Ann. d. Physik. 27, p. 955, 1908. 
H. Hörıe, Ann. d. Physik 28, p. 871 1909. 
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which the narrow tops had been cut off. A small difference of level 
on the two sides then sufficeed to draw a slow current of mercury 
through the thin tube. Without this current we could not deteet 
any defleetion when the small tube was heated on either side of 
the eonstrietion. Now the section of the mercury in the tube was 
0.50 mm’, of the glass walls 0.38 mm’, and in the eonstrietion 0.08 
mm? and 0.10 mm? respectively. The thermal conduetivity of mercury 
being ten timesthat of glass, the conduetion through the latter could not 
be of any moment here, as it was in Benepicks’ experiment. Besides 
we could greatly increase the sensitiveness of our test by having 
the mercury streaming against the flow of heat. Thus the cold mercury 
streamed through the constrietion and was heated immediately 
afterwards by a Bunsen flame, which surrounded the bare glass 
tube. In this way the walls of the constrietion were certain)y kept 
cool by the flow of mercury, the velocity of which was six times that 
in the heated tube. A temperature difference of 250° over a distance 
of a few millimetres was thus obtained. The galvanometer did not 
show the slightest defleetion while 0.1 mm could have been detected 
with certainty, the zero being extremely steady in this case. Therefore 
any effect caused by the temperature gradient mentioned should be 
less than 1.10? Volt. 

The above mentioned difference of 1.5 mm for different kinds 
of contact of the jets may very well be explained without the 
assumption of a thermo-electrie force depending on the temperature 
gradient. From the quantity of mercury delivered per minute and 
the diameter of the jet we found its velocity to be 5 metres per 
second. Therefore the time of contact of the jets was of the order 
of 10°5sec., and a small part of the mercury is cooled in this short 
time from 300° to half this value. It may well be that in this 
mercury the internal equilibrium between the electrons and the 
metal is upset, which would cause it to behave thermo-eleetrically 
like a different substance. As this different substance would have 
unequal temperatures at the two ends, a thermo-eleetrie eurrent 
would be produced. 

Iu our opinion this investigation therefore disproves the existence 
of an effect as described by Benxeoicks, and there is accordingly no 
ground for modifying the existing theory of thermo-electrieity. 

Physical Laboratory University Groningen. 


N 


PT 


are SE” 


Mathematics. — “On integral equations connected with differential 
equations. By J. Droste. (Communicated by Prof. J. C. Kruryvar). 


(Communicated in the meeting of March 29, 1919). 


$ 1. As is ‚shown by HıLsert in his second paper on integral 
equations (Gött. Nachr. 1904, p. 213 sq.) there exists a connection 
between linear integral equations with symmetrical kernel and linear 
differential equations of the second order with linear homogeneous 
> dp 
eonditions between y and > at the ends of the interval. Taking e.g. 
D4 
in the interval (0,1) the equation 


d’y | 
rent, ee I me SCH 


u being a constant, it may asked to determine the function y(x) so 
as to satisfy the differential equation and a condition at both ends 
of (0,1). This is only possible for certain values of u, the socalled 
characteristie numbers. Having chosen a value u,, for which the 
problem fails to have a solution, it will on the contrary be possible 
to find a symmetrical function K(z,y), which, as a function of «, 
satisfies the differential equation and the conditions at the ends of 
the interval and which moreover has its derivative —_. disconti- 
nnous for e=y. The claracteristie numbers and functions of the 
kernel X (x,y) enge the numbers u and the functions y(z), for which 
the equation 
1 
ee Kan) aoliide ti. 57. ee 
5 0 

is valid) are the same values of a and the same functions y(x) that 
solve ihe problem of the differential equation. 

It appears, that the kernels considered above, viz. those satisfying 
the differential equation, are not the only ones to have y(«) for their 
eharacteristie functions. For the purpose of the reduction of the 
problem of the differential equation to another problem it is unne- 
cessary to consider other kernels. But when an integral equation is 
given, it may be useful to have a method that enables us to know 
whether the kernel has or has not for its characteristie functions solutions 
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of (1) for certain values of u. It therefore seems to me to be of some 
importance to consider generally the kernels the charaeteristie func- 
tions of which satisfy (1). From the examples of $ 2 and $ 3, eon- 
taining two arbitrary functions, it will appear that very general 
elasses of kernels have solutions of (1) for their charaeteristie funetions. 


$-2; For O<z<STrand V=y=Si 
K(ay)=Fle+y) + Da—y)- . » » (2a) 
will be a symmetrical funetion of « and y under the condition 
Pay) = by). The function .F/z) has to be defined in the 
interval (0,1), the, funetion P(e) in the interval (—1,+ 1). We 
suppose #(z) and #(z) to have for O << 1 the propertiesexpressed by 
Fetl)=Fle) , Peah)—=oe, . - rn 
Supposing the possibility of expanding (2) and “(z) in uniformly 
convergent FoURIER series, we have 


F@)=a, + = ap cos (2rkz— a) ,„ ((<a<n) 
k=] > zu 


Ple)—=b, + I bi cos Ankz, 
k 


—! 
because from P(—z) = T(z2) and Plz—1) = «(e) it follows that 
D(:) = D(l—.). 
Thus 
Kley)=a, + 2 ajleos (Anke — } ag) cos (drky — kay)— 
k—1 
— sin (27ke — 4 a7) sin (Arky — Yan) 
+ b, 5 bx)cos (Ark — % ar) cos (2rky — ag) + 
ki 
+ sin (Arke — 3 x) sin (Anky — Lan)! 
—(b,+a,)+ = (dx + ax) cos (Acker — 4 «t).) cos (Anky — 3er) -+ 
1 


+ (br—ar) sin (Anke — 4 ax) sin (Arky — Lt ap). 

The funetions 
la V2 cos (Anky—Ya) , V2sin (Onky —tuar) . . 4 
being orthogonal and normalised and the series converging uniformly, 
it follows by multiplying by one of those functions and integrating 
with respect to y from O to 1, that the functions (4) will be characteristie 
functions belonging to the characteristie numbers 1/(d,+a,) , 2/(bz+ ar) 
and 2/(b,—ar). As a further characteristie funetion of K (&,y) should 
have to be continuous and orthogonal to the system (4), it appears 
that such a function does not exist, the system (4) being complete. 
The supposition of Fe) and ®(z) being developable in uniformly 
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eonvergent FOURIER series is unnecessary, as appears from another 
arrangement of the proof. Suppose F(z) and (2) to be continuous 
functions satisfying only the functional equations (3) and the equation 
P(—z) = «b(z). Then 
- I+x 
Jre+» cos (Anky — tar) dy =. (# (£) cos (Anks—2anka — Lırı)dS. 
0 ® 
The integrand kb the period 1, it is allowed to Inte rail from 
0 to 1 instead of from x to «+1. This gives 
. < 
jr@ +y) cos (2nky — Jar)dy Zt cos (AnkS—2rkw— Lar)dE 
0 
1 


— 008 (Arka + ben) | F($) cos (Ark&)dE + sin (Arka | F(&)sin(Ark£)dE. 


Now, if 


a-+ b> a; c08 (Anrkz —ar) 
k=1 
be the Fovrıer series of F(z) (no supposition is ee on the con- 
vergence), we have 
{ ; | 
Jro cos (ARKE)dE — }ar, cos ap, ro sin (Ank£)dS — }ay sin ar 
0 0 


and with this definition of «x and a; we have 


Jr« + y)Jeos(2rky-Ia;.) dy = 


— la,cosazcos(2 ke +47) + azsinazsin(2rcka + ar) Larceos(2rku — Zar). 
Suppose further 


b, + > bj. cos (Ark) 
k=1 


to be the FourıEr series of ®P(2), 1.e 


1 1 
j D(E) cos (Arkä)da— br , | D(E) sin (Ankö)dg — 0. 
ger 0 
Then, &(z) having the period 1, 
l 1 


je u eos (2 aky — Jur)dy = EIS cos (21k5 +2 ıko—}ar)ds 
0 


« 
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3 Lbx "08 (27ke — a7). 


Therefore 
| 


[Ken cos (Arcky — Jar)dy = 4(br + ar) cos (Ankvr — tar). 


ı 


0 - 

In the same way we may prove sin (Ankwr—tar) to be a eharac- 
teristie funetion (that 1 is such a function appears at once). Of 
course some of the funetions (4) may be absent from the set of 
characteristie funetions of ÄK(a,y), viz. in the case the corresponding 
value of «,+ db, or ac + dr or du-—ar be zero. - 


$ 3. Kay) be a kernel of the form 
Kay)=flety) + pla—y). - .» +. 0) 
/() being defined in (0,2), y(@) in —1,+1). 

We suppose again g(—2) = y(2), so that Ä(x,y) becomes syınme- 
trieal; we further suppose as before /(z) and g(z) to be continuous. 
But now we make an assumption different from (3), viz. 

Fe+D=—/e) , ED=-E). . - - (0) 
107.0<2<1, 

The functions 

V2cos {2k—l)ne IE , V2sini&ak—-I)a2z IH . . © 
for k—=1,2,.... form a system of normalized orthogonal funetions 
for all values of 3... Now 

e 1-2 
| Fa + yJoos2k— yay— handy = J FSesK2R—I)aSs—(2k—1)ra — IPridE. 
0 2 

If we divide the integral into three parts, one integral from 0 to1, 
another from 1 to w and a third from O to x (the latter with the 


negative sign) and make in the second integral the substitution 
s—=1-+3$,, that integral becomes 


a | FÜL +) 00 OR rd, —(2k - ymo—hBridE, 
so that it cancels the third integral. We thus have 


1 1 
[reset —nay - IBldy —| 1ER as (2 aaa ds 
[0) 0 


1 
= 008 ((2k— 1) + 12 | FiS)eos(2k—1)rSdE + 
. 


1273 


1 
+ sn{?ak— 1) +3 frosmer — 1)mSdE = Ley cos (2k — Yaw—tp, 
0 


putting 


2 


1 1 
[oo (1ymädE—teroosßr -, J FO) sin (2k—1)r&dk — Yersin Pi, 
r : 


by which 8% and c; are defined. We take O< %<n. 
In the same way 
1 


1 
[re +92 Yary-öuldy | Orinf&k-Drs-(ak-1) reale 
hr d 
) 
=— — sin {(2k-1)me +} PB: [rom@r-Dasıs + 
o 


1 
- eos ((Ak-1)ax + Br [ro sin (2k-1) n5dE = — er. sin (Ak— 1) ae — PH. 


Further 
1 ö 1—x 


Seen cos {2k —1)ay— 3Bmdy = | 48) cos ((2k-1)nS + (2k-1)my-3372dS. 
0 x 
As again 
0 1 
‚Sreroter-urs +(2k-1)a0- Bdds— | plE)eos(2k-1)m5+(2k-1)ae-IP ds 
—ıt ß id; 
we have 
1 1 
re» cos (2k—1)ny—IBrjdy = | plE)cos2k—1)n5+ (2k—1)noe— taz 
0 0 
— td cos (2k— 1) — HER}, 
putting 
1 
eo cos (2k— 1)r5dS — Idk, 
0 
% 
El: f pE) sin@k—1)rädE = 0 from gd-)= — rl). 


0 
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R 
If in this formula we read 38; + z instead of 4p., we get 


Le 


1 
# er fa ER | 
fr (02—) sin |(2k — )ay—tpıldy = I.dy sin ((2%—1)na — FIJAB 


0 
From these considerations it appears that 


1 
Iren 008 (2k—1)ny—IBpldy — 4(de+ ex) cos {ak— 1)aa — IIO 


1 

(Ka sin (ak — 1)ay—IBıldy — 4(de— ex) sin ((2k—1)ary — 4Brl 

0) 
and this proves, that the functions (7) are characteristic functions of 
K(a,y) belonging to the characteristie numbers 2/(dz + cr) and 
2/(dr— Cr): 

There exist no other characteristic funetions, for the funetions (7) 
form a complete system; so we have found the characteristie functions 
and numbers of the kernel (5). 

Every symmetrical kernel of the form 

K(a,y) = D(»+y) + Ala—ı) 
is the sum of a kernel such as (2) and a kernel such as (5). For 

D(z) and A(z) being defined in (0,2) and (—1, +1), one may put 
2F@)=Die) + Dil4) , 2/2) = De)— Dil +2) for 0<z<I1, 
Fe) De) DEN), re) = Die) — Die Die (aa 
282) = Al) + Al+1) , 2pl) = Ak)—Alz+1) for —1 
28(2) = Ale) + A@—1) , 2p@) = Al)—A(z-1) for 0< ir 
and so K(wy) becomes the sum of. a kernel such as (2) and a 
kernel such as (5). But from this there is little to eonelude with 
respect to the characteristie functions of K(a,y). 


$ 4. We now consider a much more general case. The equation 


d A 
„(rt 3.)4 (de) He 7,2 re 


be given; we put for’ brevity 


A Be (ro) + q(a)e, . Eh 249) 
de dee Erg 
so that the differential Sr becomes 
Ar nel Gr (8a) 
We suppose the funetion p(#) to have a eontinuous differential 


eoeffieient in the interval (a,b) and the function Y@) t0 be.continuous 
in that interval. 


un ti 
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Further A (#,y) be a symmetrical kernel fora<a<banda<y<b 
and this kernel be two times eontinuously differentiable with respect 
to © (and of course also with respect to y). We assume the identity 

FA A Kl: 2 22... (10) 

Then, we) u a continuous a in (a,b), it appears that 


= uf K(a,yyoly)dy = -f* en a 


and 
a 


i 
def 

ae (e,yY)bly)dy = [> Ken) y(y)dy, 
Ei R 0x? 


a 


as may be shown by means of integration of these equations with 
respect to ©, as this integration, on the assumptions made, may be 
effected under the sign of integration. In the same way it appears, 
that every characteristie function 4%) of K(x,y) may be differentiated 
twice. 
We put 
Be 7 
Alz,y) = K n) Ike 7) ee 3) E ar em) Ka | ERTL) 
n 027 a 
the sign of substitution relating, as always in the sequel, to n. 
We now have the following 
Theorem I. If p(x) be a characteristic function of K (w, 1), 
1.e. when 


b 
ve) = [Klara wand So el 
Be have ; ) 
A.pla) = ıf Kla,y) Aypt)dy- 2 J eeoay: Sorte 
Proof. We have A 
Dıyla) = 2 f AK (a,y) py)dy = 2 1a,K (ey plu)dy 


a D 
from (10). Now for two arbitrary, twice eontinuously differentiable, 
functions the so called formula of Grern is valid; in the case 
of functions ÄK(w,y) and y(y) it takes the form 


N Ik i M) a? | ö 
fir (,y)A,pYy)-4(W)A,K (a,y)jdy =| »%) ae) - - ne rot |- 


Aa 
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From this we find 
b 


Arp(e) = | Kam) A,ply)dy -2| ot) 1X (en) Yen) — en ur TAU |. 


a 
Substituting in this equation 
b 


Yyo)= re (y)rly)dy; 


KH 
yn) = a u v)ay, 


a 
we get (13). 

Theorem Il. The necessary and suffieient condition that a 
complete system of orthogonal characteristie functions of K(a,y) be 
solutions of (8), is that Kia,y) satisfies identically in x and y the 
equation 

Asy)=0 ... : Sa 

Proof. First we assume A(a,y) =0. If then Ben ba ce 
funetion belonging to the characteristic number A, it follows from 
(13) that 

b 


2:4) = A| Kla,y)Ayply)dy. 
a 

Consequently A, (x) is a characteristic function for the number A. 
Now if (a), ....,Pu(@) be a complete orthogonal and normalized 
system of characteristie functions all belonging to 2, the functions 
Drpıl&),--.., Arynlz) also will be characteristice functions for tlıe 
value 2%; consequently they are expressible in p(®),...., p(«) by 
formulae of the form 


le a N 
= 


From this 
b 


= | Pza)Aıyi(w)da 


a 
The formula of GREEN now gives 


og = (too). (@)—Yi(@)ArY ‚(ade = 


Pd) Dee, 


Mr IR 
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and if we substitute in this formula 
Ü 
gl) = [km pla)de, 


dt 


b 


9m) JE 5 = yla)da 


a 


and other analogous expressions for yiln) and pi(n), with y as the 
variable of en we get 


oK(nyı 9K 2 ‚1? 
ee — aut (7) DE nn — en ”) Kan | Yzle)yily)dady 


Bu. 


a | atewmanenniondedy ei 


This proves that Gj=Cji. By means of an orthogonal transforma- 
tion it is always possible to find n other funetions w(z), . . . ., Wn(®), 
linearly expressed in 9,(&),....,%.(@), orthogonal and normalized, 
but such, that instead of (15) they satisfy equations of the form 


Ania) = — wwile), 

i.e. (8). This proves the condition Alx,y) =0 to be suffieient. 
We now suppose that we know a compiete system of ortlıogonal 
eharacteristic functions of Ä(a,y) to consist of solutions of (8). If 
Dre. pl, »: 78 be thaf- system andy, +... Ms... the'cor- 


responding valnes of u, it follows from (12) and (13) that 
b 


A,pila) + wyla) = Fi sr K(a,y) $Aygily) + wply)} dy—Ar? j) Aa,y)pi(y) dy 


and so, as y;(«) satisfies the differential equation, 
b 


|eennwWa= 
mi 
for all values of i. Consequently Ala,y) is a function of y, that is: 
orthogonal to all eharacteristie funetions of A(a,y) and this proves that 
» 


few DE. Eye I ER N FLO) 


a 


for all values of x and z in (a,b). From this we get 
; 83 
‚Proceedings Royal Acad. Amsterdam. Vol. XXI. 


EL (v,%) a nn 
z 
We now have 
b 
IK. Y) IK (a,7) b EL 
fierorse= far] ohren en Ken) | = 


a 


| K 9K ) 
=) um) K le fat Y oz ‚|- K 3- nz "i Ai Kunde | 


A 
and this becomes 0 in eonsequence of (16) and (16a). As Alw,y) 18 
a continuous funetion of y, this proves it to be zero for all values 


of « and y in (a,b). Hence. the condition is necessary. 
2 


d f ; 
Example. Put De: The kernel K(x,y) will have the form 
% 2 


K(a,y)= Fle+y) + Play) 

with Pla—y) = P(y—a). We suppose a=0, d5=1. We then get 

AMa,y) = (Flat) + Da DRy+l) — Ey—1) -- 
— F@ +1) — Pa@—DEFY+HN) + Put) 

— (Fe) + PANNE PFY) + D)) 

In consequence of (3) A(x,y) becomes zero; if we suppose (6) to 
be satisfied (after substituting in that equation for f and «b for 
) the expression A(z,y) also becomes zero. In both cases the charac- 


teristice funetions are solutions of (1), in agreement to what we have 
found in $ 2 and $ 3. 


$ 5. We will now consider eondition (14) more elosely. Putting 
for brevity 
9K(a, 7) a ” 
Pla), —— ) —= (a), Kla,b) = $(e) " Kla,a) = T (oe), 
One BR 
it becomes | F; | 
PS) Po) - PA)SW=HAJ)ITTAW- AT). - (14a) 
We first suppose p(b)#0,p(a)#0 and we assume the existence 
oftwo values y, and y, in (a,b), for which S(y,) Py,—S(y.) P@) #0. 
If for brevity we write P,, ete., P,, ete. instead of P(y,), ete., PQ,), 
ete., equation (I4a), after substitution of y, and y, for y, becomes 
p(b)P,S(a) — P(6)S, Pla) = p(a)Q, Ta) -— pla)T Aa), 
p(b)P,S(@) — p(b)S, Pla) = pla)Q,T(x) — Pla) T,Qx). 
Eliminating Pa) or S(®) we get 
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plb) (P,S,— P,S,) (2) = pla) KQ,S,— Q,S,) 7x) + (S,T,—S,T,)Ala)}, 
pl) (P,S,—P,S,) Pix) = pla) (Q,P,— Q,P,)T(«)+ (P,T,—P,T,)Q). 
Putting now 
p(a) SR S, er Pla) S, T,—8,4 1 u p(a) Qi Q, RB; 
POLS- PS HUPRS PS "po PS—BS, 
- pla) P,T,—-P,T, 
KOLS PS 


— 


we get 
2) = aT(&) + BQ(e), 
Pa)—= yT («) + 60a). 
It is easy to verify the condition 
Pla M=Pd) .......M 
We thus see, that S and / may be caleulated from 7’ and Qby 
a linear substitution. Replacing these functions by what they mean, 
we have 


Kix.b) = «a K(a,a) + ß a ; 

(18) 
dK(&,") Kam) | 
on . Be = Ei 07 Be 1 


That, on the other hand, these equations satisfy (14) appears from 
the fact that in (18) the determinant of the left hand quantities for 
two values of x, say « and y, is equal to («d—Py) times the deter- 


0Klv, 
a for the two values 


minant of the quantities X (w,a) and 


A 
x and y; this shews, in connection with (17), that (14, is satisfied. 
The inverse substitution Ds (18) is 


en on a 
NIE) 
Kam) n n)| 5 
“ — y' K(z,b) + d' —— | 

v7 el 77 —b | 


with the eondition 

Haylad= By) =plb) ". .. 0... 2(17a) 
If it be impossible to determine y, and y, so that 5, P,—S,P, #0, 
S(z) and P(&) will be proportional and from (14a) it is seen that 
in that case also Q(a@) and 7(x) will be proportional. This may also 
be considered as a consequence of (18). 
In the case pla)=0, p(b) #0 it follows from Ada) that S(@) 
and P(&) will be proportional and as then the proportionality of 
S(a) and P(x) is a consequence of (18) and (17a), it is allowed to 

83* 
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eonsider (18) as valid also. in that case. In the same way (18a) is 
valid if pl) = 0, and p(a) AV. | 

If mens, a kernel for which the funetions /(«), A), 
S(s) and 7x) remain finite, will always satisfy (14) and so its charac- 
teristie funetions will always be solutions of (8). 


$ 6. From the conditions (18) for the kernel it is not difficult to 


get conditions for the characteristic funetions. If yi(x) be such a 
function we have 


b 
yi(a) = „| K («,y)pi(y)dy, 


and so 
b 
”oK(«, 

va I) yyay 
Hence 
b b 
“yi r 7 Les 0K(y) R 
Rand 


«a 


b b 
' (Br Fir 9K(yn)| d 
elb)EARIKiyb)aiy)y  „ Ylb)=h Dir Se yily)dy. 


From (18) we now get 
4:6) = apila) + By (a), 


\ 19 
pi) = Ypi(a) + dy';(a). 2) 


$ 7. To conelude, we will find the eonditions (19) for the ortho- 
gonality of the solutions of (18) in a direct way, independent of a 
kernel whatever. We suppose «(#) and ı (z)to be two solutions of (8): 
A.p(e) E Hp) - 0, 
Ayıpla) + ua) = 0. 
Multiplying the former of these equations by ı (=), the latter by y(x 
and subtracting we find 


d 
1, Plone) HET + u )ete)nte) = 0 


and from this 
b 


IOZZONKOERTOTZON = (u, —,) | Yaırlz)die. 


a 
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If y and w correspond to different values of u we see that for 
tbe orthogonality it is necessary and suffieient that 


Pod... 0) 


If g and w correspond to the same gu the condition will be neces- 
»ary. 80 Pl@), Yl&),  ... being an orthogonal system, (19) must be 
valid for every pair of functions of the system. 

Putting generally 

yla)=ui ,„ PYl)=yui ; pb)=wu , yib)—v, 
we get from (19) 

pla) (ai y;—wzyi) = p(b) (wi v;— uzv;) 
for every pair of indices i and 5. For the three indices i, r and s 
the equations become 
pl) (wiy—eryi) = Plö)ui vr —urv:) 
pa) (&rys—syr) = P(B) (us — user), 
pla) (esyi--®iys) = p(b) (uvm —uv;). 

Multiplying the first of these equations by «,, the second by u;, 

the third by «, and adding we get 
way 
p(a) | Ueor Ur | —=_0 
| 


| Us ds Ys | 
In the same way, multiplying by v,, vi, v, we get 
mm yi 
p(a) | 2, &, 9 
| U du Ya 
So, if p(a) #0, it follows from this, by expanding the determinant 
with respect to the elements of the first row, 
ularys -asyr) + Bilyrls— Ystr) + Yilurıs — Usw,) — 0, 
via ys — eye) + Cilyrds — Ysdr) + Yilda@s— dr) =. 
We now choose the indices » and s so that ,y—wsy, 7 0. Then 


putting 
YsuU,—Yrüs Uhr — Und: 3 Ysvlr —YrVs u Vydy — Unis Br 
—md, ML 
2 Y—LsYr U, Ys—LsYr MU —EgYr UY—lsYr 


we gei for every value of ı 
u = om; + byi, 
v=ya + Wi. 
It is easy to verify that 
(aI—Py) (2,Ys — #syr) = Uris—Usdr 
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and 80 | 
plb).{ad By) = pla)ı Hrn nee (21) 
We have so found the formulae 
y)=upk) +Prl)| 0 0 0.5, (19) 


pl) yYr (a) + Ipia) 

It is easy to verify by the aid of (21) that (19) satisfies (20). 

If for every r and s the expression #45 — %sYr be zero, y; and «; 
will be proportional and then this will also be the case with w and 
v; as is seen from (20). 

If p(a)=0 and p(b) #0 we see from (21) that «ad — By=0 and 
(19) that 9;(b) is proportional to i'(b); this satisfies (20) so that in 
that case (19) and (21) remain valid. 

If »(d) = 0, pla) #0 the inverse substitution of (19), viz. 

pila) = «'yilb) + B’yi(b), | 16 
ya) r'pilb) 4 Yield) \ : 
with 
pla) (a d'—E'y) =plöi u. 2, 22: 
shows that «d' — By'=0 and that, in connection with (21a), the 
quantities ;(a) and 9;'(a) are proportional. This also follows from 
(20) and so we see that (19) and (19a) remain valid. 

For pa) = p(b)—=0 equation (20) is satisfied by all functions 

‘ri(®), that remain finite in a and d. 


se ee er 


Physies. — “On the Theory of the Frictiom of Liquids 11.” By 
Prof. J. D. van per Waars Jr. (Communicated by Prof. J.D. 
VAN DER WAaaLs). 


(Communicated in the meeting of March 29, 1919). 


$ 4. Distribution of density in a liquid flowing in.a field of 


‚Forces. Before proceeding to the “frietion by formation of groups”, 


we shall discuss a simpler problem. We shall namely imagine that 
a gas streams in a field of force, and then examine what modifi- 
cations are brought about by the streaming in the distribution of 
density as it would arise in a field of forces when there was no 
eurrent. For this purpose we shall again imagine the simple case 
that the streaming takes place in the .-direetion, and that the 
velocity may be represented by u=az. We shall further suppose 
that we have to do with a*stationary current, so that in a point 
at rest in space the density and the velocity of the current are 
constant. 

In order to examine the distribution of density which will present 
this stationary character, we shall assume that there are two causes 
that might give rise to a change in the density in a given point: 
the “molar” current, and the “diffusion’ current. It is not to be 
denied that this distinetion is artificial, and that the change of the 
quantity of substance in an element of space can of course always 
be found from the total eurrent that flows in through the boundary 
surfaces. I shall, however, suppose that this total current may be 
thought composed of a molar current, to which I shall assign the 
unmodified veloeity w—= az, and a current which is the consequence 
of the inhomogeneous density in connection with the heat motion. 
The latter will be denoted by the name of diffusion current. I shall 
further assume that the change brought about by each of these two 
causes, can be computed independent of the other cause. 

The quantity which enters a volume element per second through 
the molar current is: 

dn 
dt 

In order to caleulate the eontribution of the diffusion current we 
shall assume that the distribution of the velocities of the gas-mole- 


On 
FR a a) 
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eules at any point may be found in the following way. We shall, 
namely, assume the velocities of the molecules which have collided 
in a certain layer to eonsist of two components: 1. the velocity ot 
eurrent 
motion, of which latter it will be assumed that it is distributed over 
the different moleeules according to Maxwenı’s law. Undoubtedly 
we make an error when supposing these things, but we may expect 
that this will only be an error in a numerical eoeffieient, and that 
the nature of the phenomenon and also the order of magnitude 
will be correctly represented by the formulae derived by the aid 
of these suppositions. 

In order to examine the diffusion current through a plane A, we 
shall eonsider two planes Iying on either side of the plane A at a 


3 
distance ER (= mean length of patlı of the molecules). And we 


q 


shall consider the molecules passing through the plane A as “emitted’ 
from one of these two planes, by which we understand that they 
have had their last collision there. Let us first consider the molecules 
that collide in the + plane‘), and which possess a component af 
veloeity normal to the plane A between ır and = —+ div. Arrived 
in the plane 4 these molecules have obtained a normal velocity ww’ 
determined by the equation: 

de IV 3 


u? tm” — — 
2 ” oz 3 

The number of molecules of this group passing per second and 
per unit of area through plane 4, is when n represents the density 


On IV 3 
of the molecules in A, and n+ u that in the + plane: 


z 


il ( \ nn Ne Ta Hr = uv w 
n -—— we x : 3 d-d-d- . 
va’ 0z 3 aacg en. 
When we pay only attention to the molecules emitted from the 
+ plane, ww’ must always have a value for which '/, mv" is = NA 
BE 2 
In the direction from + to — however, there 80, also molecules 


1) 1. 6, the plane parallel to A at a distance }/;, !V’3 on the side where the 
potential energy © of the moleeules is greater than in A. The plane lying on the 
other side will be called the — plane. The z-axis will be normal to A in the 


direction from the — plane to the + plane, so that & >0. 3 
2 


in the layer in which they have collided, and 2 the heat. 


lern 


en 


1285 


which have first passed through it in opposite direetion with such 

a small veloeity that they could not reach the + plane, but reversed 
: u de 

their veloeity in consequence of the force — —— before having reacheäl 


FA 
x 


it. When also these molecules are taken into account the total 


diffusion current from + to — is found by integrating expression 
(11) with respect to u and v between — w and + © and with 
respect to ıw’ between 0 and — «. 


The moleenles tlowing in opposite i.e. in the + direction through 
Ihe plane are found by taking a group of molecnles emitted from 
the - plane: 


I w-+v?+ur? 1 dely3 
nz Im 1 RS a SS Jar Ba 
A x hl 
Va 02 2 RR 
and by integrating u and v in this between —o and + ® and w’ 


between O and + «. 
Thus it is found that the plane A is passed per second and per 
unit of area in the — direction by the following number of moleeules : 


de 3 1 9:2/V3 
“ en RE miy3\ mes : 
eh == = Sn — 
Zyn | 02 3 $ Ti 3 ) ö | Br 
ayv3,(n de 1 043 1on del 
er l 3 - ZZ - N Rt i 
3Vr & ee = 3Vx u, ne e a 


In this we shall assume n/to be constant, though, strietly speaking, 
this is only allowed for gases at small densities. In-ihe case of 
thermodynamic equilibrium this diffusion current must be zero through 


& 
very plane, so that then ee constant, which gives the 
known distribution of the molecules in space in that case. 

We shall make use of the value of the diffusion current in equa- 
tion (12) in order to caleulate how much enters through the six 
sides of a volume element dr dydz. We find for this: 


€ 


In) + m da dy dz, 


& er 
were a 


so that we find for the condition for a stationary state in connection 
with equation (10): 


ayds & on 
2 > = — 8 . . . iR 
er EN + | en (13) 


I shall here leave out of account the question what corrections 
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would have to be applied to the numerical faetor and use equation 
(18) further uncorreeted. 


In) Herde is the quantity that GiBBs represents by « and denotes 
re 


by the name of thermodynamic potential. In the case of thermo- 
dynamie equilibrium it is constant, and equal to /n,), when n, is 
the density in the point where the potential energy is put zero. In 
the case of no equilibrium eonsidered by us I shall put: 


Km) + — Un) = w. 1 re 1 


or taking into account that we suppose w to be small: 

n ne kT (14%) = n,e KT Enw 2 2:2 0. (10) 
so that mo represents the number of molecules that in consequence 
of the eurrent is present in an element of space in excess above the 
normal number n,e *%T. According to equation (13) ww is found as 
the potential of imaginary agent, of which the density would 

Var in 


be: 


To illustrate the meaning of the found formula we shall apply it 
for the following simple case: the field of forces arises from a single 
centre of forces, in which we lay the origin () of the system. of 
eoordinates, the force being only a function of r. If there was no 
current, this field of forces would in a gas give rise to a denser 
cloud round 0, in which the density would only be a funetion of 
r. Let us now think the gas set flowing with a constant veloeity w 
in the negative «-direetion, and let us suppose this to bring about 
a slight variation in the density, so that by way of first approxi- 


0 Ba CE a 
mation we may take in equation (13) the value ee as it would 
r 


be without eurrent, hence: 


On ae 1 de 
Elze n,e se . . . . . . . (15) 
which causes equation (13) to beeome: 
u (18.) 
aınl kTodx 


The imaginary agent is then negative on the side of the positive 
w-axis, and has an equal, but positive value on the side of the 
negative w-axis. Then the potential » of this agent will be zero in 
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the yz plane, as is easily derived from considerations of symmetry, 
and will on either side of it present the same sign as the imaginary 
agent. The excess nw, therefore, also shows these signs, which comes 
to this that tle cloud has shifted in the direetion of the negative 
w-axis, as was to be expected. 

When we no longer assume u to be constant, but u = az, w 
will obtain a positive sign in the 1°: and the 3'd quadrant, i.e. the 
cloud will be elongated in the direction of a line that forms an 
angle of 45° with. the original axes and lies in the 1° and the Zrd 
quadrant. 


$ 5. Distribution of the density in a flowing liqwd at the eritical 
point. When äfter these preparatory remarks we proceed to the 
problem of the anomalies of density in a flowing liquid, we shall 
first have to calculate Y’w according to equation (13a). For this 
purpose we first remark that the value given for y?w by this 
equation is only a consequence of the movement of the gas relative 
to the centre of force. When we put « = constant, and if we then 
make the centre of force partieipate in the movement, it would of 
course come to. the same thing as if everything was at rest. We 
shall, therefore, always have to take this relative velocity for « in 
equation (13a). The value of Y’w in a volume element dx dy dz = dw 
can now be calculated as the sum of contributions furnished by 
forces exerted by {he substance in the different surrounding volume 
elements. When we call one of these surrounding elements 


dx’ dy’ dz’ = dw’ and the density in it n’, then the n’dw’ mole- 
eules in it can be conceived as a centre of force. When we put 
again u — az, the velocity of the substance in dw relative this 


centre will amount to a (z2—2’). Let us further represent the potential 
energy of two molecules at a mutual distance r by «(r), the 
contribution to y’w in do which is owing to the substance in do’ 
is then: 


in. which r' represents the distance of the spacial elements do and 
dw. When we turn the axes 45° round the y-axis, and when we 
call the new axes &,1,5, we find for the total value of y’w: 
Vira (WERE, 

BIT: Or! 2r' 

This equation gives the distribution of the imaginary agent in 
space. We find from it for the value of w, in a volume element 


(16) 


a 
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de, dı, &, = do, when we represent the distance of an element 
=1 = 


do to do, by r;: 


ae n 
Or’ 2r 7] 


3 Kan $ I Fk (65 le? - dodo . (17) 
at 

If n’ were constant, we should of course find yrv = o and w = 0. 
If, however, in a definite region n’ is greater than in the surround- 
ing volume elements, then in a line parallel to the $-axis and passing 
through the centre of this region y°’w will be negative, and in a 
line parallel to (he S-axis positive. The imaginary agent and w have 
then opposite signs, so that here also the condensed group will be 
elongated in a direetion forming an angle of 45° with the original axes. 


$6. The application of the virıal relation. In order to calculate 
the stress tensor from the value found for »,, we shall make use 
of the virial equation. We shall, however, have to demonstrate 
beforehand the applicability of this equation for the case under 
eonsideration. Let us for this purpose consider a definite volume in 
the space in which the flowing gas is found. We shall assign to 
it the shape of a rectangular parallelepiped and choose the coordinate 
axes parallel to the sides. As we think the state stationary, the 
expression Em ®, in which the summation extends over all the 
molecules in the volume will be constant. The fact that through the 
boundary planes molecules enter and leave the considered space, 
does. not affeet this. We conclude from this that: 


l 5 & 3 SE: 
Me maa)=0l=2ma’ + 322 X40Om fer da . (18) 


In this X is the «-component of the force acting on a molecule, 
w, and «, are the abscissae of the boundary planes of the parallel- 
epiped normal to the a-axis, and O is the area of these planes. 
F(&) de denotes the number of moleeules ‚per c.c.m’., of which the 
„-component of the veloeity lies between w and @ + dx. The latter 
term refers to the change in the value of Zmzxx, which results 
from the molecules entering and leaving through the planes x, = c 
and «,=c. The molecules entering and leaving through other 


boundary planes will yield on an average a contribution zero to 


d . 
— Zmww. Let us put: 
dt 


WER Dh + u, 


a ee 


ee 
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in which u represents the veloeity of current and «, the veloeity 
of the heat motion, and let us take into eonsideration that 


>&2mu Run u) 
fi 2 uw Ska) de — 0 


= mu’ + Om (x, —ı,) |r@ de — 0, 


and 


Equation (18) then assumes the following form: 
I mar +2 X4+0(a—,) „| a’ F(a) da — 0 


Let us further split up X into X, and X, in which X, refers to 
the mutual forces of the molecules in the considered volume and 
X, to the forces exerted by bodies Iying outside the volume on the 
molecules contained in it. We shall only have to take forces X, 
into account that act in the planes z, =c and a,=c; the others 
will be zero on an average. We shall further be allowed to put: 


(2% +m0 [au se) dep NEN 


in which (2 X,)., represents the sum of all the forces X, that act 
in the plane x, =c, and p., an element of the stress tensor in the 
well-known way. The lefthand member of (19), namely, indicates 
the total change of momentum which is caused by the substance on 
the lefthand side of the plane «, =c in that on the righthand side 
both in consequence of transport by the molecules in their heat 
motion and in consequence of forces. As O(w,—,) = V we find: 


a Sm#®+ZıX, 
or 
(20) 


when the sign =’ in the last equation represents a summation over 
all the molecules in a c.c.m. 


$ 7. The stress tensor. in a flowing hquid. When we now caleu- 
late pr according to equation (20), we find: 


RT dp (&.5)* 5 
we NR wen. din. d@, 0. (al) 
Pr= 7 al li se 
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in which dw, and dw, are two elements of space the distance of 
which is expressed by r,,, and in which the density of the mole- 
enles amounts respectively to n, and n,. We now can put: 


n—n+4,+w(n+A,) 


n=n+4A,+ w,(n+A,). 

In this n represents the mean density, A tbe deviation, as we 
might expect it also without current, w, n, = w, (n + Y,) representing 
according to $ 4 the deviation from the mean density brought about 
by the eurrent. Terms that would contain ı*’, have been neglected. 
In the product n, n, the term (n + A,)(n + A,) will yield the same 
value for all the eoordinate directions. This term would also vecur 
when there was no current, and its integral in equation (21) will 


a n An 
produce the term — of the hydrostatie pressure according to the 
v 


equation of state. Let us also remark that nA,—0 and nA,—0, 
then (21) may be written as follows: 


Ip (&,— 5) i 
Prr—p = -// = S = 1 (w,n,A, + w,n,A, + n,w,n,w,)dır, do, (21a) 


12 
We shall neglect the third term. The 1°t and the 2rd will be 
equal on an average, hence we may take twice the first. We shall 
substitute in it the value for w, that we have found in equation 
(17), in which we may replace n' by A', because wben A’ is every- 
where zero, also w, becomes —=0. Thus we find: 


V3r a 5 Ip (&—E—(L- 5): 
Pz—p % See er : I nn en 


| 1 dp (&,—5,)° 


r, Or, , Yin 


dodo do,dw,.. . . . . . (21) 


12 


and in the same way: 


E> V3ra f IP (5-8)? —(S—5')* 


1 Ip (6) 


2 


dw'do dw.do,. 
12 


It will hardly be possible to caleulate the value of these expres- 
sions accurately. I shall confine myself to a rough estimation of the 
order of magnitude, and demonstrate that Pr — pP and Pa—p 


assume equal but opposed values, which in virtue of the properties 


of the stress tension had to be the case. 


a Vo  (.-" 


re ee 
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If for two different elements of space the values for A were 


always independent of each other, A,A’ would be = 0, except when 
we make the element dw’ eoincide with dw,. When we then made 
the value of dw, approach zero, the righthaud member of (215) 
would become zero. The A’s for different elements of space are, 
however, not independent, but when A, is e.g. positive, the A’s in 
the adjacent elements will probably also be positive, so that the 
produet A,A'do,do' will be positive on an average not only for 
dv’ — dw,, but also for a finite region round dw,. In this region | 
shall assign to A’ not only the same sign, but also the same value 
as to A,, and | shall assume that the size of the region is equal to the 
sphere of attraction of a molecule '). I shall further assume that we 
get a sufficient approximation for pr — p, when we assign the 


value n to n,, and | shall write v tor {n, dw', in which we extend 


the integration over the just-mentioned region. » then represents the 
mean number of molecules in a sphere of attraction. At the critical 
density 1 should then be inclined to ascribe t0 » a value between 


5 and 25, though not much is to be said with certainty about this 
value. In consequence of these assumptions (215) passes into: 


N War ffa- Ip (&—5,)’— (6 3,)° 
Ben el er 2 Or, B2 


1 dp (&,—5,)' 


r, Or, r 


a dad IR I ale) 
12 

In order to find the sign of this expression, we transport the 
origin to the point- &,n,$,, and first determine the sign of 


d el a 5)’ 3 
the quantity nn er) 


—= (Q. The bisextrices of the angles 


r; 


between the displaced $ and S-axes, divide the plane into four 
quadrants; two of them contain the $-axis, and two the S-axis. In 
the two quadrants that contain the $-axis, Q will be>0, in the 
others Q will be<0. If we next inquire into the sign of 


’ 


fe u do —= /, this sign will depend on the situation of the point 
T, 


sm 
ur; dis point lies in the quadrants where Q >0, / will also be 


1) Not improbably it is greater; but as the elements dw’ and dw, the mutual 
distance of which is much greater, do not appreciably contribute to the value of 
the righthand member of (2ib), the restriction to this value may be justified. 
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| Ip (&:51)' 
>0 and viee versa. Let us now finally form |4 A 


ı Os er 

and let us first integrate along a eircle r,, = constant; then the 
positive values of / will be multiplied by greater values of (3,—S})” 
than the negative values, so that the positive sign results. If we 
had caleulated px —p, we had mnltiplied by (5,—{8,)”, so that then 
negative values of / had been multiplied by a greater factor, and 
the negative sign would have resulted. 

In order to arrive at last at an estimation of-the order of mag- 
p), we observe that: 


nitude of (px 


N: 


be‘) a 
|grewe=5 N A 
5 


in which a represents the known quantity a Of the equation of state 
and N the number of molecules per molecular quantity. 


1 
We further assume that in the factor — the radius of tlıe sphere 
r 


1 
of attraction of the molecules (0) may be written for ”,, and that 
($—3,)’— (6 5,)” &_ _& )2 
ihe influence of the factors — 5) \ ») and S:= 51) 
YB I 


will eon- 


2 1 
sist in this that the values which would be obtained by an omission 
of these factors, are multiplied by a moderate value u, smaller 
than 1. 

Thus we find, when we also take into account that NkT—= RT: 


V3x —(a)® 1 
eHT7. 2 nn 


N 


(21a) 


px —Pp=— 


If we had caleulated p, we should also have found a term with 
A: in the virial of the attractive forces. If we call it p’, then: 


! A q a 
pP = 3 ä N: 
so that: pr 
Dee aV3r a 


1 
Se in —— a, —11 
p' SaIRT "Neo In 


As our purpose was only a rouglı estimation, we have taken in 
this: | 


z==h and ya 


0 108 
ET 
e—=n10 


N = 6.10? 


a ee 
rm 
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When we take for pr = 170 atm. for CO, and „ —= 0,000678, 
we find: 


a 
Now pr = round 2 ante Yu hence if at the eritical 
8427% Bahr. 

point the mean A becomes somewhat smaller, but of the same order 
of magnitude as n, then Pzz — p will become of the same order of 
magnitude as 7 for a gradient of veloeity «—=1, and must, there- 
fore, certainly, be taken into account. On the strength of this we 
should have to expect that an abnormally great value of 7 would 
be found ‚at the critical density, when for 7%. we examined the 
value 7) as function of the density. WarBurGg and Von Bapo') have 
determined y for CO, at 32,6° for different densities. 7 increases with 


.the density. There does not appear any irregular increase at the 


eritical density from their observations. It would be interesting when 
similar observations could be made at a temperature nearer 7). 


1) WIEDEMANN’s Annalen. XVII p. 390. 1882. 
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Physics. — “On the use of the audion in wireless telegraphy". By 
D. Coster. (Communicated by Prof. H. A. LorkNTZ). 


(Communicated in the meeting of March -29 1919). 


In the recent successes in wireless telegraphy the three-electrode- 
relais or audion has played the most important part. The audion 
consists of a vacuum tube, in which are fused three electrodes: a 
hot wire-kathode Ak, a usually flat anode « and a third auxiliary 
electrode A, placed between the other two and consisting of a few 
parallel and mutually connected metal wires, which is therefore 
called the grid. The properties of the audien are ‘determined by the 
audion-characteristies, which give the relation of the eurrents „and 
in on the one side and the potentials e and = on the other. (See 
fig. 1). The current :, is usually very small compared to i„ and it 
may be neglected in many cases. A simple scheme for the determi- 
nation of the characteristics is given by fig. 1, where for the sake 
of simplieity the measuring instruments are not indicated. Fig. 2 
gives .,„ as a function of e, for different values of v. The different 
characteristies may be deduced from one another by parallel trans- 
lation. Fig. 3 gives ı„ as a function of v, while e is a constant. 


Fig. 1. 


1295 


These characteristies are similar to those of fig. 2; as a rule however 
they are steeper. Figs. 2 and 
3 give the essential features 
of the audion-characteristies; 
the different forms of audions 
show more or less important 
deviations. 

Though the character of the 
gas and the degree of its 
rarefaction are very important 
in the determination of the 
individual properties of the 

old audion, they are problably 
-R - not of essential signification. 
Fig. 3. At any rate Langmumr!) has 
succeeded in constructing a normally funetioning three-eleetrode- 
relais, which he calls pliotron, from which every trace of gas seems 
to have been removed. In the following discussion we may therefore 
assume that the electrie conduetion in the audion is exelusively 
performed by the thermoions. 
For the number N of electrons, which in. the unit of time enter 
the vacuum from the hot wire, RıcHarDson found the well-known 
formula: 


2 DE Se 


b 
Den ante au. ae 


here 7’ is the absolute temperature of the hot wire, a and db are 
constants, A is a quantity which differs but little from unity. The 
emerging eleetrons may be caught on an anode opposite the kathode; 
N is then determined by a current-measurement. When 7’is constant, 
the current increases at first with increasing potential-difference. It 
is only the maximum current, “the saturation current”, which in 
its dependence on the temperature follows RıcHarpson’s formula. 
To explain this initial increase of the current with the impressed 
voltage Lanemvir ?) gave his tbeory of the space-charge. The elec- 
trons in the field between the kathode and the anode diminish the 
potential-gradient in the neighbourhood of the kathode. When this 


!) LAn@MUIR: General Electr. Rev. (1915) p- 327. 
See also Hunp: Jahrb. f. Drahtl. Tel. (1916) 10.p. 521 : 


2) Phys. Rev. (1913) p. 457. | 
84* 
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gradient is zero part of the emerged eleeirons may fall back on 
the kathode. This theory led Lanemuir (0 the formula '): 


u 

Here i is the current as long as it remains below the saturation 
eurrent, V is the impressed voltage, ( is a constant which depends 
on the form and the distance of the electrodes. In the neighbonr- 
hood of saturation, ? approaches a constant value. 

This relation between the thermoionie current and the impressed 
voltage will be found in the charaeteristies of fig. 2 and 3. A com- 
plication is here caused by the presence of the third electrode, the 
grid, about which we may make Ihe following observations. As a 
rule the audion is used with tensions of such values that we 
should have a saturation-eurrent, if no grid were used. It is the 
funetion of the grid to retard more or less the electrons emitted 
by the kathode. The potential of. the grid is therefore always 
ehosen lower than the potential which we should have at that 
place, if the grid were removed. Usually the grid-potential is not 
much different from the average kathode-potential, in many cases 
it is even a little lower. Of the electrons, which reach the plane 
which we can draw through the grid, by far the greater part will 
escape between the grid-wires to the anode and but few will strike 
the grid. The usually small surface of the wires also contributes to 
this effect. Thus the grid eurrent ?, (see fig. 1) is in normal working 
conditions small as compared to the anode-current z.. The latter not 
only depends on the anode-potential e, but also on the grid-potential 
v. We cannot go far wrong in taking as “driving force” of i. the 
mean potential in the plane of the grid. Denoting by y this mean 
potential, p is, as long as the anode-current has not yet reached 
its maximum, a linear funetion of e and » 


Dede Bi Wat a See (3) 


At first therefore we get for the anode-current the following 
relation: MT, 


3 
= Cl BT, Ur Ta AuEr (4) 
An analogous empirical formula is given by Lanemuvir '!) for his 
pliotron. 
In wireless telegraphy the audion is used as rectifier and as 


') An analogous formula had been given before by CHito for the transport of 
pos. ions. See Phys. Rev. (1911) p. 492. 
') See Hunn: Jahrbuch f. Dr. Tel. (1916) 10 p. 521. 
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amplifier. Following the characteristies of fig.3 we can easily check 
these functions. When the instantaneous condition of the audion is 
given by the point B on one of the characteristies, we see that 
small fluetuations of the grid-potential involve relatively large altera- 
tions of the anode-current. Owing to the linearity of the characteri- 
stiss in the neighbourhood of B, these eurrent-fuetuations are 
proportional to the variations of the grid-potential. Here it is of 
great importance, that the grid itself receives but little eurrent “it 
reacts upon tensions’; very small energies are therefore suffieient to 
cause the alterations of the grid-potential. At the points A and C 
the audion acts at tlıe same time as rectifier: to equal potential- 
variations in positive and negative sense correspond different eurrent- 
variations. 

Of late years it has been found that the audion can perform yet 
a third function. By a suitable arrangement we can form an 
unstable system, which gives rise to alternating currents of definite 
frequency, as in the so-called musical arc. Furthermore it has been 
found that the unstable connections increase to a high degree the 
amplifying action, so-called “back-coupling”. For a good insight into 
the use of the audion in wireless telegraphy it is of importance to 
understand its generative action. 

The question of the instability 


> € of eleetrodynamical systems mecha- 
ai; 4 L nieally at rest has been studied 
& BE: X among others by Smmon and his 
C pupils'). These investigators have suc- 
ee ceeded in establishing some general 
Fig. 4. rules which are easily obtained by 

the aid of a simple diagram (see fig. 4). 
_ E is a eonstant eleetromotive force, W is a resistance which is 
so large, that compared with it the variable resistance offthe are B 
is negligible, Z is a selfinduction, whose resistance is Pe, sl ae, 
capacity. Owing to the assumption with regard to W, the current 
i, may be considered as a constant. We assume that the arc-tension ' 
is only a function of the arc-current «+ 2, which is linear for 
small values of :. For this problem we therefore arrive at linear 
differential equations, whose general solution consists in a “continuous- 
eurrent-solution” and an “alternating-current-solution”, which may 
be considered independently of each other. Thus the tension e may 


I) Phys: Zeitschr. (1902) III p. 282. 
: (1903) IV p. 866 and p. 737. 
en also Jahrb. f. Dr. Tel. (1918) 1 p. 16. 
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be represented by a constant tension ®, augmented by an alternating 
tension e,; for the eurrent the division into 4, and i has already 
been made. 

For the oseillation-eireuit, eonsisting of are, selfinduetion and 
capacity we have: 

e+ Ri, +2 =: 3 
de, 
giving by differentiation: 
+ (R “ a +g=0 N 
di 1 

Hence it follows that eontinual alternating currents can only 

exist, if: 
de _ 
ie 

lt is thus necessary that an increase in the current involves a 
deerease of tension and inversely, in other words: the condition for 
the generation of alternating eurrents is a falling arc-characteristie. 
For the alternating current the arc behaves as a “negative resistance” 
hence the quantity — e may be considered as the eleetromotive 
force for the alternating current. 

Applying this to the audion, we see from the characteristies of 
fig. 2, that for a constant gridpotential, it has a rzsıng characteristie, 
.hbence it is stable. Only by coupling the grid to the oseillation- 
eireuit it is possible to make the system unstable. 

The anode current 2‘) is a function of the anode-potential e and 
the grid-potential v; 


Be 


Dr (2) a le ae nn (8) 
If here also we assume a linear relation between current and 
tensions, the general solution of the differential equations for this 
system consists of the sum of a “continuous-eurrent-solution” 7,, &,, vd, 
and an “alternating-eurrent-solution” ?,, e,,v,. Here again the quantity 
— e, is to be considered as the electromotive force for the alter- 
nating current. 
From (8) it follows that 


RER of 
re n . e pr Le: 4 (9) 
of 
Orr dv 
Putting =. and ri 4, this becomes: 
de | 


!) For the sake uf convenience we henceforth leave out the index «. 
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es, =ıu — ri. a 

From (10) we see in connection with the above diseussion that, 
if we are at the proper point of the eharacteristic (e.g. B in fig. 3) = 
and the grid is subjected to .potential-fluetuations v,, we may consider 
the audion as an alternating eurrent-generator with an electromotive 
force Av, and an internal resistance ”. The potential-fuetuations of 
the grid may be caused by an external electromotive force. But they 
may also be produced- by coupling the grid in a proper manner to 
the anode-eireuit, by which an oseillation when once-arising, main- 
lains itself. Both methods find manifold application in wireless 
telegraplıy. The second method will be especially discussed here. In 
doing so we shall make use of the method of “complex resistances”, 
which is customary in alternating-current-theory ; the following 
remarks on this method may be useful. 

We suppose an arbitrary electrie system, consisting of self-induc- 
tions, capacities and resistances, in which somewhere an electromo- 
tive force Zcospt is applied. The currents which arise in the 
system, satisfy a set of linear differential equations’) of the form: 

diy nd 0 

2 Rıin + Bene + , nie A ee 
where the summation is to be extended over all the currents 
oceurring in any closed eireuit which can be described in the 
system. The solution of (11) consists of the general solution of a 
set of homogeneous linear equations, which are obtained from (11) 
by putting Hcos pl—=0, and a particular solution. The first part of 
the solution gives the {damped) free vibrations of the system; the 
second part the forced vibration. To discover the partieular solution 
use can be made of the complex notation by putting Kesrt for 
Ecospt, where j=W-—1; and by trying for a solution of the 
form Anesrt; A, is complex and gives not only the amplitude but 
also the phase-shift of :). 

Instead of (11) we thus obtain a set of linear algebraic equations 
of the form: 


1 N) 
+ en — By. Ti: 
Rh Hilet )\ An Ne (12) 


Equations (12) are analogous to KırcuHorr’s equations for a direct- 
eurrent-system, only in the present case complex resistances oceur 


3 


L 


1 
of the form A, = Rı +) (Pti— a ) Therefore the same rules may 
i pCh 


1) At the same time they satisfy algebraie equations of the form Fi, = 0. 
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lied as in direet-eurrent-problems. For instance (wo parallel 
RE 


resistances z, and z, may be replaced by one single resistance ZIZ 
EB Re 


be app 


If there are also mutual inductions M, in the system, the left-hand 
part of (12) is to be completed by terms of the form 7p,M,4A,. In 
that case the method: of eomplex resistances is still applicable though 
the analogy with direet-eurrent-problems now does not hold entirely. 

We shall now apply the ınethod to the audion. By a system of 
self-induetions, capaeities and resistances (he anode is connected with 
the kathode; the grid is coupled with this eireuit either by a direct 
contact, or by means of one or more mutual.induetions. Further 
there are two batteries in the system, which provide for the mean 
tensions e and v being such that we are operating at the proper 
point of the characteristics (e.g. D in fig. 3). For alternating ceurrents 
the batteries behave as ordinary resistances. Since we are only 
eoncerned with the alternaling currents and tensious we shall hence- 
forth for the sake of eonvenience omit the indices to these quantities. 
(See e.g. (10)). 

Hence we obtain for the audion a same set of equations as (11), 
Ecos pt now having the value Av, where » is the alternating part 
of the grid-potential. These can again be reduced to a set of equations 
a2). The grid-potential, however, in its turn is a function of the 
eurrents in the anode-cireuit. Hence (12) is t0 be completed by one 
equation of the form: 

A a an 


where the 5,’s in general are complex quanıtities. 

If for a given connection we can find a set of A’s which satisfy 
(12) and (13) for a real value of p, this connection has a generative 
action. Many of such connections have been published in 'alınost 
confusing abundance. A summary is for instance given by ArM- 
STRONG !) and by Eccuss ?). 

From the above we may deduce the following general rules for 
the generative audion-connections: 


4. If a connection is found, which gives alternating currents of 
a definite frequeney, we can deduce from it others, which give 
eurrents of the same frequency by replacing the “alternating resis- 
tances” by others which are equivalent for this frequeney. In this 


!) See Jahrb. f. Dr. Tel. (1918) 12, p. 241. 
?) Electrieian July 1916, p. 573, Aug. 1916, p. 595. 
See also: Yearbook of Wireless Tel. (1917) p. 674. 
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manner two parallel alternating resistances /, and Z, may be 


2.2 
replaced by a single one of the value ———? 


2-2, 


2 


B. We can also find other connections by replacing all the alter- 
nating resistances by their conjugate complex values. Indeed in this 
case there is a set of A’s conjugate complex to the former A’s which 
also satisfy (12) and (13) for a real value of p. In the case that 
there are no mutual inductions in the eircuit, this can be obtained 
by replacing every self-induction /, by a capacity C', and inversely, 
such that 2, 0, = L', Ch = p*. If mutual inductions also occur this 
simple substitution is no longer applicable '). Besides in this case: 
the mutual induction must change its sign. This may be arrived at 
by ehanging the terminals on the primary or the secondary side. 


On the ground of the above general rules we may draw the 
following conclusions with regard to the generative connections: 

There are two types of connections: 

I. Those with direet coupling. Here the grid is immediately con- 
'nected to a point of the oscillation-eireuit. 

II. Those with indirect coupling. Here the grid is coupled by 
means of one or more mutual inductions with the anode-eircuit. 


l. Direct coupling. 


The general type of these connections, to which they can all be 
reduced according to rule A, is given by fig. 5. ,—=z', + z’ and 
2, ’) are alternating-current-resistances; r and 2 have the same signi- 
fication as in (10). 

The relations (12) and (13) change into: 


(’ +) ok) 
2] + 2) i 
2 ) DENE DE 
N ee BU De ee (15) 


z Sem a +0. ER REN) 


Fig. 5. 


= 1) (Note (o the English translation). Prof. Erıas has kindly pointed out to me, 
that in this case a wholly symmetrical substitution is obtained by changing the 
mutual induetion into a “mutual capacity” (two condensers telescoped into each 


other). 
2) In the fig. denoted by gothic letters. 
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By substituting 2, =, + jyı ete., where ) = Y—1 and putting 
the real and the imaginary parts of (16) separately equal to zero, 
we obtain: 

rare) tldns—t MM 

ya titan tra Hut) 

The y’s and possibly also the a’s contain the frequency ». By 
eliminating p from (17) and (18), we obtain a relation for the con- 
stants of the eireuit: 

RR en 
which must be satisfied, in order w permanent alternating eurrents 
may exist. Besides either of the equations (17) and (18) can be employed 
- for the determination of the frequeney. (19) gives a necessary condi- 
tion; it is also swfficient, if (17) or (18) contains one real root. 

If » has a real value, w,,.x, etc. are essentially positive as having 
the character of ohmic resistances; r and 4 are positive audion- 
eonstants; Y,,%,... are either positive (of the nature ofa self-induc- 
tion) or negative (capacity). From (17) and (18) it is obvious, that 
connection I can only be made in two essentially different manners. 
From (17) it may be concluded, that y, and y, + (1 +?)y", must 
have the same sign, from (18) it follows, that „,„ =», y", and y, 
must be of a different sign. 

First manner: 

y, and y", positive; y,' negative, whereas 
Yyı An <ilt Nun ee 


This connection in its simplest form is given. by fig.6. Now (20) 
assımes the form: 


Piu+L)<.<Ü 4 ML, 
 hence it follows that 

TEEN 
Instead of (17) and (18) we obtain: j 


| 5 
RROHN)+RHRII + UVP LL=0 
Zt, 


e Be! 1 
p L, R, (1 /)+r p(ZL, -r L,) Ar pC Zirez or" = )pL, HU) 


1 


whence by elimination of p» the en Se condition for 
oscillation can be deduced. 


Fig: 6. Kiel: 
Second manner. 
This ean be obtained from the former by the substitution B, y, 
and y", are here negative and y,' positive, whereas 
— eur ll 2. DEU h 
Fig. 7 gives the simplest form. The relations (17) and (18) here 
give respectively: 
1+4 
P—— et ER EEE 
L,C, +rR, 0,6, 


we | l R 99 


Connections, which belong to the type of fig.7, are frequently 
applied. They have been dealt with theoretically by Varnzaurı '). 
Connections of the type of fig. 6 also occasionally find an application °). 


Il. Indirect coupling. 


The simplest case to deal with is that, where the grid-cireuit is 
currentless. The reduced type of this connection is given by fig. 8. Here 


Fig. 9, 


I) See Jahrb. f. Dr. Tel. (1918) 12 p. 381. 
2) See e.g. Arustrone l.c., fig. 13. The capaeity, which we have called C, in 


fig. 6, is absent here. The anode and the grid, however, which are sealed in at 
the same end of the audion, have sufficient capacity with respect to each other. 
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=(r + A) ee a ee 
2, +? 


- 


= -jpM,n=—jpM — :. 


er 


From (23) and (24) it follows that 
pP My, zz +e)t 2, - UWE (25) 
=Yp Ms, er, +Y) +24 Fa Fu (26) 
These equations can only be satisfied in two manners, which by 
substitution B can be deduced from each other: 
First manner: y, pos., y, neg., M neg. 
Second manner: y, neg.. y, pos., M pos. 
They are given by fig. 9 and 10. 


Fig. 10. Fig. 11. 

The connection of fig. 9 is also frequently made use of. It was 
thorougbly discussed by Varzauri'). That, of fig. 10 so far has 
apparently not been used. 

If the indireet coupling is applied and there is also a eurrent in 
the grid-eireuit, the arbitrariness is so great, that it seems rather 
diffieult to establish any general rules, except the substitution-rules 
A and B. Still for every special case the above calculation leads 
directly to the result and gives a better survey than the solution 
of a set of simultaneous differential equations. A simple instance of 
these connections is given by fig. 11; they oceur very often.. 


The same connections, which will make the audion generate, 
are also exceedingly suitable for giving a good amplifying action. 
Whether an audion acts as a generator, depends in the end on the 
roois of an algebraic equation of the nt" degree: 

PR ln ER a ee a a 

This equation has been obtained from a homogeneous linear 
differential equation of the n!" order: 

dna dir 
Se en EEE) 
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by trying a solution of the form «= 4er! . Here the a’s are functions 
of the alternating eurrent-resistances ; windicates a eurrent or a tension. 
If at least one root p—=p, is a pure imaginary quantity, free un- 
damped vibrations can oceur. Where the audion is applied in a receiving 
station for wireless telegraphy, the grid-potential is subjected to a 
forced vibration on account of the coupling with the antenna. Instead 
of (28) we now obtäin an equation with a right-hand side of the 

following form, in complex notation '): 

‚anz ‚ae Be, 

a, nr a, FR Ne I ee) 

where »' is a pure imaginary quantity. 
The partieular solution, which gives the forced vibration is found 
by putting «= 4’er!. To determine the amplitude A’, we have: 
Ze „en - - 
Ve 
If p’ is equal to-an (imaginary) root p, of (27), we can make 
the denominator of the right-hand side of (31) as small as we like, 
by making the constant a’ but little different from a, ete.iin (27). 
A limit is only given by the condition, that the natural vibrations 

determined by: 


(30) 


FE er a 
have to be suffieiently damped; therefore it is necessary that the 
roots of (32) have a sufficiently large real part. Hence by a coupling 
as that of fig. 12 the object is attained of the system having but 
little frietion for the forced vibration. 

The audion is exceedingly well 
adapted to receive undamped waves. 
According to the heterodyne-principle 
local oseillations are then exeited in 
the receiving station, which give rise 
to beats of audible frequency which 
can be detected in the ordinary manner 
by rectifier and telephone. The audion 
is then tuned in such a way, that the 
natural frequency differs but slightly 
from that of the forced vibration. It is 
Fig. 12. then obvious that the system for this 


vibration has but little “frietion’”. 


1) We reserve the a’s without accents for the special case, that these quantities 
are chosen in such a manner that (27) has one root, which is a pure imaginary 


quantity. 
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In the foregoing considerations we have assumed that a linear 
relation holds between current and tension. From the fig. 2 and 3, 
‘however, it appears that this it only true for a limited part of the 
characteristies. The eurrent-amplitude cannot rise above a definite 
value. It follows that actually we have not to ask for the pure 
imaginary roots of (27), but for the roots with a positive real part. 
By an investigation as given above we only get to know the points, 
where the real part of-the roots p» changes its sign. It appears to 
me that in most cases this will be sufficient to_discover the different 
eoupling-possibilities. 

In an American patent of Nov. 1917 (N°. 102, 503) the use of 
the audion as generator is described, where especially the guadratie 
terms in fhe current-tension relation seem to assume the most 
important part. It is rather diffieult t0 draw conelusions from patent- 
descriptions aud as far as I know a discussion of such a coupling 
has thus far not been published. 


= Imre 


Chemistry. -- “Urease and the radiation-theory of enzyme action”, 11. 
By Dr. H. P. Barenorecnr. (Communicated by Prof. J. Börserkn.) 


(Communicated in the meeting of March 29, 1919). 


In order to secure a more complete constaney of p7 a more 
extensive investigation, this iime with 0,01 °/, of urea, was carried 
out some months later, when the technique of the estimations was 
more fully worked out and refined. 

At least two series, with different 97, were completed on the same 
day, starting from the same neutral phosphate extract of Soja-meal. 
On another day one of them was repeated together with a third one 
with a new 92. In this way the uncertainty as to the comparabi- 
lity of the enzyme quantities, prepared on different days, was 
obviated. 

For want of space these tables cannot be communicated here. 


NC "N 
The value of m, now caleulated with the formula en log 18 + 


0,01y = mt, was constant in each table again, within the limifs of 
the unavoidable experimental errors. 

In eontinuing these investigations at still higher py a falling off 
of the constant m was generally observed towards the end of the 
reaction. This is, what might have been expected for different reasons. 

From the well-known chart of the H-ion concentration data of 
SÖRENSEN it is clear, that the phosphate mixtures are only efficient 
buffers up to about Pu =8. 

It was for instance established by the present author, that, while 
10 c.c. of a 9,6 °/, phosphate mixture, diluted with 2 ce.c. of water, 
produced an 8°/, phosphate mixture of p#—= 8,11, dilution with 
2 e.c. of NH, 75 N (i.e. the amount of NH, formed by the hydrolysis 
of 12 e.c. of 0,01 °/, urea solution) made pa = 8,25. 

At lower P„ this change in py is only about 0,01 or 0,02. 

Evidently by the increase of alkalinity during the hydrolysis in 
a solution of 0,01 °/, urea the m already diminishes a little in the 
case of a large Pr- | 

Moreover, as indicated above, the radiation theory itself prediets 
a deerease of the activity of the enzyme as soon as the total con- 
centration of urea + H-ion (or more accurately, as soon asm + ne) 


has become sv small, that the radiation does not all reach a urea 
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molecule or an H-ion before it has lost its power by spreading. In 
the very dilute solutions of 0,01 °/, urea and of low H-ion concen- 
tration this effeet may certainly be expected, especially if a great 
deal of the urea has been hydrolysed. 

As will be explained further on, a decrease of m in these alkaline 
solutions may also be brought about in the course of time by the 


reversed action, the synthesis of urea. 


TABLE 12. 


| 


ı Concentration 


of urease. Pu concentration. 

May 24th, 1918 | 3 | 5.84 0.000205 
May 24th, 1918 3 6.13 0.000221 
May 24th, 1918 3 6.40 0.000267 
March 2nd, 1917 3 6.40 0.00027 

March Ist, 1917 3 6.40 0.000263 
March Ist, 1917 3 6.67 0.000347 
Febr. 26th, 1917 2 6.67 0.00036 

Febr. 26th, 1917 2 | 7.0 | 0.000525 
March 6th, 1917 1 | 7.0 | 0.00050 

March 6th, 1917 1 71.21 | 0.00067 

Jan. 22nd, 1917 } | 2.21 0.00067 

Jan. 22nd, 1917 | 4 | 58 0.000752 
Jan. 22nd, 1917 4 7.64 | 0.000689 
March 12th, 1917 3 71.64 0.000717 
March 12th, 1917 | 1 | 7.80 | " .0.00060 

March 9th, 1917 | 4 71.80 | 0.000646 
March 9th, 1917 | Es 8.03 | 0.000467 
March 23rd, 1917 Sr 8.03 | | 0.000479 
March 23rd, 1917 | # 8.13 | 0.000405 
April 3rd, 1917 nn 8.13 0.000431 
April rd, 1917 | 4 8.65 0.000245 
March 22nd,1917 + 8.03 | 0.000453 
March 22nd, 1917 7 8.13 | 0.000388 
April 5th, 1917 | Tr 8.13 0.000416 
April 5th, 1917 | .. 8.65 0.000423 


en 
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In the experimental verification of the formula 


RO 2, 
TU FL 
‚434 1—y 
ay= mt there is, however, besides a lowering of the H-ion concen- 
tration, another way to change the relation between the coeffieients 


1 
of log 1, and of y. 


If only pz can be kept constant, we may raise a, the concen- 
tration of the urea, considerably. The realisation of this method 
will be communicated further on in this paper. 

For the above mentioned reasons at higlı pzr only the first values 
ot m have been used for the main present purpose : the determina- 
tion of m at different H-ion eoncentration. 

For the purpose of comparing the values of m obtained, they 
are all reduced to the same enzyme concentration, the unit of which 
is again arbitrarily chosen as resulting when 1 g. of Soja is extraet- 
‘ed in 100 c.c. of water +7.28g.0fNa,HPO,2aq-+ 2,32 g. of 
KH,PO, and 50 e.c. of filtrate of this is mixed with 100 c.e. of 
water + 9,6 g. of phosphate. 


m as a function of pH: 


According to the mathematical formulation of the radiation theory, 

dm — dt, the constant m is only dependent on the con- 
a + nc 
centration of urease present. 

When equal concentrations of urease are compared or the effect 
has been reduced to equal concentrations, i.e. when (he enzyme 
eoncentration is kept constant as well as the temperature, m will 
be proportional to the activity of the same urease concentration. 

From table 12 it is clear, that the activity m changes with par 
in a peculiar manner. 

In figure 3 the mean values of m, in arbitrary units, are plotted 
. against the values of pr as abseissae. The strikingly regular curve, 
“thus obtained, allows a further mathematical treatment to elucidate 
the nature of urease. 

MicHazLıs ') had already shown, that enzyme activity, represented 
as a function of py gives in many cases a curve somewhat similar 
to that of the undissoeiated part of an amphoterie electrolyte. The 
_ vagueness and irregularity of the curves of MicHaELıs and of those 
of SörknsEn for invertase excluded, however, all further comparison 
and analysis. 

1) Die Wasserstoffionen- Konzentration. Verlag von JULIUS SPRINGER, 1914. 
S5 
‚Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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9 8.5 8 1.5 7 6.5 6 5.5 


PH 
Fig. 3. 


It is to be remembered, that the activity m, as calculated according 
to the radiation theory, is quite different from what had hitherto 
been empirically determined as activity. 

This is immediately clear from the formula 


C 


eg 
0.484 ’1_y 


IN 
t 


+ ay 


The observed effect y in a given time 7 is evidently by no means 
proportional to m. | 

The above mentioned regularity in m and the results, connected 
with it, which will be recorded further on, therefore adduce con- 
siderable experimental evidence for the radiation theory. 
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- In. the work of MicHartiss attention is drawn to the fact, that a 
representation of the undissociated part of an amphoteric electrolyte 
as & function of the H-ion coneentration, taking as abseissae the 
values of pr, instead of those of the H-ion concentration itself, 
presents the advantage of produeing curves of far more characteristie 
type. 

His “rest-curves” are derived as follows: 

Calling (4) the total concentration of the amphoterie electrolyte, 
(At) that of the kation, (A-) that of the anion, the concentration 
of the undissociated rest (z) is: 


(©) = (4) — (49 - (4). 
According to the law of mass action we have in the solution the 
two equations of equilibrium : 
(At) (OH) — kı(a) 
(A-)(H) — kula) . 


Therefore 
ka 
= 
from which 
(A) 
ST Eh 
(A) (OH) 
> Ar; en 
The undissoeiated fraction See 
E: 1 
ie h ka kı 
"m (0m) 


For ihe sake of comparison the eurves, drawn by MicHaktas for 
different values of the dissoeiation-constants Ak. and k5, are reproduced 
in Figure 4. 

The resemblance of. our diagram of urease activity m to these 
curves is obvious. 

lt is to be borne in mind, however, that the relative dimensions 
of pz and g are, of course, arbitrary in these figures. 

Evidently, at least with decreasing pz, where the experiments 
could be pushed farther than on the other side, »n tends not to zero, 
but to a value of about 18. | 

The interpretation of these results is therefore as follows: 

Urease is an amphoterie electrolyte, whose activity is greatest 
when undissociated. When the asymptote, to which m approaches, 

85* 


3 1312 
is drawn as a new axis of abseissae, the eurve reprresents the excess 
of activity of undissociated over dissociated urease. 
70 


0.) 
0.8 


m—p= 


Fe kr 
"m" (OB) 


The constant «, expressing the proportionality between the activity 
as determined (in arbitrary units) and the undissociated fraetion, had 
to be caleulated from the experiments as well as the constants ka 
and Ar. 

The terın ?, which appears to be about 18 from a provisional 
survey of the ceurve, had, in point of fact, also to be determined 
more accurately in the same way. 

These caleulations required the knowledge of the hydroxyl-ion 
concentration (OA) as well as of the hydrogen-ion eoncentration (4). 

In water or dilute solutions this value is immediately given by 
the. dissoeiation-equation of water: 

(HZ) (OH), ku 

Since an 8°/, phosphate solution, however, is not {o be regarded 
as a dilute solution, special determinations of the hydroxyl-ion 
concentration were indispensable. 

The experiments, by which these were carried out, are deseribed 
in the last part of this paper. 

The simplest method of caleulation appeared to be giving provi- 
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sionally a definite value to 8, for instance 18. By then combining the 
equations, say for pu=17.5% and for PH=]1, « was eliminated 
directly. The same process, applied to the equations for py = 6.40 
and for pz= 8.03, afforded a second equation, in which only %, 
and k, were unknown. From these two equalions 4, and %s were 
caleulated. 

In table 13 are a the values found for pr and PoH, 
the concentration of“the H-ions and OH-ions (multiplied by 10°) 
determined and Be caleulated on the basis of three different 


values of 2. 


TABLE 13. 
| i 105 m wir 105 jdn for: 
Pa Porn , !®(A) |188(OA) | determi- De a ra 
| | | ned = 18 =119| 3=19 
Ta 15 | 20.5 120.6 | 205 | 21.6 
Bas: Pe .05 | 7.13 | 224 22.1 2a. | Sam rag, 
| 20,7 7 212 dt | 0282 
6.61.) 7.11 21.38 | 7.76.) 3.4 | BB 311 123537 
1.0. | 6.28.10. | =16.6,| »51.8 10] © 51.8 513 (lnislua 
Ta 6,57 6.17) 2.2] 01. | 8 | 0649 64. 
aa an ae Ba Ba | na m2 
TE | 6172,00. 7244.,.00.3, 0012,14 71122 1.73.20 
7.20 5.98 | 1.59 | 104.7 | 023 | 90-0086: | 000 
55 Treslıns | aa | m | 7 sr 
8.13 5.65 0.74 | 23.9 | 4.1 | 8.4 ta 
8.65 | 5.13.1,.0.2 | 7244 | 244. | 2— | 2.0 | 28 
| \ | 


Taking 3 to be 18 or 17.9, the differences of m determined and 
m cealceulated are not larger than, according to table 12, the different 
values of m at the same pr determined on different days; hence 
not larger than the uncertainty, left in their experimental estimation. 

For 2=19 the deviations are distinetly larger. 

For 8—=17.8 the caleulation from the above four values of m 
produced a negative ka. Hence the minimum value of 8 would be 
about 17.9. 

The results of these caleulations, as regards %., A, and « are 


summarised as follows: 
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TABLE 14. 
ß Ro R; 2 
ee 
17.9 10-8% 1293 10-3% 20880 46356 
18.— " 10-s%X 132.6 10-8%X 2170 4828 
19: 10-35%X 10.8 10-5%X 206.5 469.3 


It is to be borne in mind, that the equation 

[44 

par 
10 7# 107708 
from which these eonstants had to be caleulated, is an exponential 
one. Slight variations in pzr must therefore be expected to have a 
large influence. 

However, as the deviations between the experimental eurve and 
that, representing the caleulated values of m for, say P=18, in 
table 13, are within the limits of aceuracy, set by the experimental 
methods employed, it may be concluded, that the equation for the 
undissoeiated part of an amphoterie electrolyte represents fairly well 
the activity of urease as a function of pr. 

An important consequence of this is the possibility of obtaining 
at least an approximate knowledge of the dissociation eonstants of 
the enzyme urease. It is evident from table 14, that 4. and X, appear 
to be about 1.3 x 10% and 2.2 x 10-5 or even higher. 

The dissociation eonstants of earbonie acid!) and ammonia at 27° 
are respectively 44 X 10-7 and 1.9 X 105°). 

The approach of these constants to those of urease is in a line 
with the author’s view’) that enzymes generally contain in some 
active state the same molecule, wlıiich is liberated or acted upon 
by them. 


mag — =’ 


Ammonium-carbonate + carbonie acid as a buffer-mixture. 


In the beginning of tbis study it soon became clear to the writer, 
that the commonly accepted statement as to the accelerating action 
of CO, was not only not suffieiently borne out by ezpetißspn!, but, 
as a matter of fact, might be totally erroneous. 


!) MıcHAazLıs und Rona, Biochem. Zeitschr. 1914, 67, 182. 
*) LuUNDEN, Affinitätsmessungen an schwachen Saüren und Basen. 
?) BARENDRECHT, Biochem, J. 1913, 7, 549. 
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The action of urease on a solution of urea soon produces so con- 
siderable a lowering of the H-ion concentration, that the course of 
(he hydrolysis is seriously checked. To regard the accelerating effect 
of a stream of CO,, passed through this solution, as a proof of the 
specially favourable influence of CO, is an unnecessary assumption, 
as long as full account is not taken of the power, 00, has to 
compensate the depression of the H-ion eoncentration. This was not 
done by previous authors. 

It was, however, known, that nature often makes use of biearbo- 
nates and carbonie acid as well as of phosphate mixtures as buffers 
to maintain the necessary constancy of tle true reaction in the 
living cell. The buffer action of biearbonates in blood is a case in 
point, which has attracted much attention of late. 

Before reaching the point of view, that the urease radiation is 

only absorbed by the substrate urea and the H-ions, the author 
assumed, that the products of the enzyme-action — here ammonia 
and carbonie acid — also absorbed the radiation to some extent and 
in this way interfered with the rate of hydrolysis. 

At the same time it was taken into consideration, that by passing 
a continuous and abundant stream of CO, through a urease solution 
eontaining ınuch ammonium-carbonate and not t00 large an amount 
of urea, tlıe H-ion concentration might easily be maintained constant; 
for generally the true reaction of a solution ofa bicarbonate, saturated 
with carbonie acid, is not changed by some variation in its con- 
centration. 

lt was therefore that in 1915 and 1916 a considerable amount 
of experimental work was carried out with ammonıum-carbonate 
and carbonie acid as buffer-mixture, a short account of which will 
now be recorded and explained by the theory afterwards developed. 

The ammonium-carbonate employed was KanuLBaum’s Ammonium- 
earbonat, “zur Analyse mit Garantie-Schein” 

By dissolving ammonium carbonate in water, as Funxton'‘) has 
shown, an equilibrium of ammonium-carbonate and ammonium- 
carbamate is outained. Frnton’s method of estimating botlı these 
compounds ‘and urea in one solution by the use of sodiumhypo- 
chlorite and sodiumlıypobromite was tried by the present author 
with a view to establish what was the original product of the 
hydrolysis of urea by urease. 

The velocity with which both ammonium-carbonate and ammonium 
carbamate tend to equilibrium, is, however, t00 great. These efforts 


I) Proc. Roy. Soc. 1886. 39. 386. 
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were stopped the sooner as the question of what is the original 
produet of change is not of much imporfance in these experiments. 
The change of carbamate (o carbonate is generally quicker than the 
enzyıne action and the earbonie acid eonverts all carbamate as well 
as earbonate into bicarbonate. 

The powdered ammonium carbonate had practically the composi- 
tion NH,HCO,. A solution of ammonium carbonate (— 2 "/, urea) 
will therefore mean in this paper a concentration of about 2 X 2,63 °/, 
ammonium carbonate. 

The required amount of Soja-meal was digested at 27° with a 
solution of ammonium carbonate, through which a stream of carbo- 
nie acid was maintained during about one hour. After mixing with 
some kiezelgur a clear filtrate was very easily obtained, only slightly 
opalescent, if large quantities of Soja-meal had been used. 

It is obvions, that the eleetrometrie estimation of pr is impossible 
in a solution of ammonium carbonate, which is to be kept saturated 
with carbonie acid. The much less accurate colorimetrie method 
had therefore to be applied here. By using Tropaeolin 00 in order 
to give the Sörunsen phosphate solutions as nearly as possible the same 
colour as the ammonium carbonate extract of Soja-meal and kiezel- 
gur and with rosolice acid as indicator, the pr of an ammonium 
carbonate solution (= 2 °/, urea) with 1,36 g. of Soja per 100 c.c., 
througk which. carbonie acid had been passed at 27°, could be 


estimated to be about 7,0. By adding ammonium carbonate (= 0,5. °/, ° 


urea) and passing carbonie acid again no distinet shifting of the pa 
was observed. 
As will be seen, no great aceuracy is required in these experi- 


a 
ments, wbere ——— is so much larger than above in the phos- 
nc ı 


0,434! 
phate mixtures, that the curves all approach to straight lines. 

As types of the numerous experiments only the following will 
be recorded here. 

In a round bottomed flask of 2 Litre, placed in a waterbath of 
27°, 15,125 g. of ammonium carbonate, dissolved to 250 6:2. and 
6 g. of Soja-meal were introduced. A few drops of octylaleohol 
were added to prevent foaming. 

The carbonie acid from a steel eylinder was first passed through 
a narrow copper tube of about 150 e.m. length, placed in the bath 
and then through two wash-bottles, filled with water, also in the 
bath of 27°. The stream of carbonie acid, in this wäy brought to 
the required temperature and saturated with watervapour, was passed 


Rn 
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through the mixture in the flask for one hour, after which a rapid 
filtration with 2 g. of kiezelgur through a pleated filter gave a clear 
filtrate. 
175 e.c. of this liquid were introduced into a similar ıound bot- 
tomed flask, closed by a rubber stopper, carrying two glass tubes, 
one of which, reaching to the bottom, admitted the carbonie acid, 
while the second short one was connected with a tube, filled with 
10 e.c. of H,SO,4+N,-to allow an estimation of the ammonia, which 
might have been blown over. 

After saturation with carbonic acid the eurrent was stopped, the 
controlling tube with H,SO, was exchanged for another, the 
stopper of the flask was lifted a moment and 25 e.c. solution, con- 
taining 1 g. of urea were quickly introduced. This solution had been 
brought "before to 27° in the same batlı. After replacing the stopper 
and again admitting the carbonie acid the reaction was allowed to 
proceed at constant temperature and constant yz and its progress 
measured from time to time by interrupting the current of carbonie 
acid for a moment, taking out a sample of 5 c.e. with a pipette 
and running this quickly into 25 c.c. of H,SO, # N. After dilution 
with some water the contents of this flask were boiled to expel the 
carbonie acid and titrated with NaOH „, N and lacmoid (or later 
with Sodium alizarin sulphonate) as indicator. Owing to phosphate 
and proteins of the Soja, this titration was not very sharp, leaving 
an uncertainty of one or two drops of NaOH „N. 


1.0 
0.9 
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The ammonia in the original 175 e.c. solution was estimated in 
(he same way as well as the small quantities, which might have 
been blown over with the CO, in the controlling tubes. 

The results are represented in table 15 and in fig. 5, in which 
for the sake of comparison also the straight line and the logarithmie 


1 SE 
eurve for log —— — kt, are drawn, both through the origin and 
ur 
the first point, determined for y. 


TABLE 15. 


3 gr. of Soja on 286 c.c. 
ammonium-carbonate (= 2°, urea) 


nc 
0.5 do urea PH = u hence 0.434 | 

| 0,1 log +0,5y log pi: 

{ (minutes) | y le 3 u SER 
| MS t | z t 
45 | 0.269 = 0.0033 | 0.0030 
90 | 0.514 0.0032 0.0035 
135 | 0.746 | 0.0032 0.0044 
165 0.869 | 0.0032 | 0.0054 
180 0.931 | 0.0032 | 0.0064 
195 - 0.97 | 0.0033 | 0.0078 


210 | 0.984 | "0.0032 | 0.0085 

Repeated on many different ways these experiments always produ- 
ced similar results. 

For instance: Febr. 34, 1916. 3 g. of Soja extracted with 200 
c.c. of ammonium carbonate solution. 

A row of test tubes, each with 10 e.c. of filtrate and one drop 
of octylaleohol in the bath at 27°. Each tube connected with a 
wide tube (over the rim of the bath), containing 25 c.c. of 
H,SO,2 N and some water. Hence current of CO, -first passing test- 
tube and then wide absorption-tube. 1 e.c. of a 2,75 °/, solution of 
urea, out of flask in the same bath, added to each test-tube. Reac- 
tion stopped, without opening tubes or loosing connections, "by 
running 25 c.c. of saturated potassium carbonate solution into test- 
tubes and blowing over the ammonia during the whole night. Next 
day titrated direetly in the wide tube with NaOH „5 N and sodium 
alizarin sulphonate as indieator. Two test-tubes with 10 c.c. of 
extract, without urea, treated in the same way. 
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TABLE 16. 
3 g. of Soja on 220 c.c. 
ammonium-carbonate (= 2°/, urea) 


0.25 0, urea Pa 
t (minutes) | y | 0,1 log Er + 0,25 y 
MT ge 
40 = 0.495 | 0.0038 
- 60 0.685 | 0.0037 
70 0.800 | 0.0039 
80 0.876 | 0.0039 
90 | 0.936 | 0.0039 
Y5 | 0.945 0.0038 
100 | - 0.968 | 0.0039 
105 | 0.974 | 0.0038 
110 | 0.985 | 0.0039 
. ne 1 
These results show clearly, that the formula 0.4349 1 + 


+ ay= mt represents equally well the course of the reaction in urea 
solutions of far greater concentrations than above in the phosphate 
mixtures. 

The nearly straight line, found generally in the hydrolysis of urea 
by urease, when a is not small, or at any rate large in comparison 
with A is equally well in accordance with the radiation theory 

0,434 : : 
as the logarithmie eurve, the ordinary representation of Ihe law of 
mass action, predieted by the same theory for Jilute urea solution, 


if e is relatively. large. 


Initial velocity of urease action in urea solutions of different 
concentration. 


Using. pbosphates as buffers it is, as shown above, impossible to 
study the course of the reaction in urea solutions, whose concen- 
tration :exceeds ‚about 0,02 °/,. If, however, we allow the same 
quantity of enzyme to act under the same eonditions on urea-solutions 
of different eoncentration only to such an extent that no more than 
about 0,0% °/, urea concentration is hydrolysed, the phosphate mixtures 
can maintain a constant py in these initial periods of the process. ' 

The experiments on this line were all arranged in the following 


manner: 
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A task of 250 e.c. was filled to the mark with a solution of a 
mixture of Na,HPO, 2aq and KH,PO,, caleulated to produce a 
eoneentration of phosphate of 8°/, during tne reaction. A small 
quantity of Soja-meal was added, mixed with this solution, and the 
flask was left for one hour in the bath at 27°. After addition of 
kiezelgur (the same weight as that of the Soja-meal) the solution 
was rapidly run through a pleated filter. From the perfectly clear 
filtrate portions of 10 ce. were introduced into test-tubes (as above) 
and placed in the same bath, in which a series of stoppered flasks 
with urea solutions were brought to 27°. As 2 cc. of these urea 
solutions were to be added to 10 ce. of enzyme-extract, all the 
urea-solutions had 6 times the required final eoncentration. The three 
highest concentrations of 4°/,, 6°/, and 8°/, were obtained by preparing 
a solution of 4.8 g. of urea to 10 ee. and bringing 1 ce. of this 
with 1 ce. of water into the 4#°/, tube, 1.5 ce. with 0.5 ce. of 
water into the 6°/, tube and 2 cc. into the 8°/, tube. 

The reaction was allowed to proceed for a fixed time, usually 
2 hours, after which the NH, formed was estimated by connecting 


the tubes with wider ones, into which had been brought 10 ce. of 


H,SO, #5 N and some water, running 25 cc. of saturated potassium 
:arhonate and a drop of oetylaleohol into the reaction-tube and 
-passing a eurrent of air for two hours. 

The p»z was determined with the electrometer in 10 ce. phosphate- 
enzyme-solution + 2 c.c. water at 27°. 

The quantity of Soja-meal was usually 0.2 gram. Only at the 
lowest pa more enzyme and different reaction times had to be taken. 
Tbe results are then reduced to 0.2 g. of Soja and 120 minutes. 
(See tables 17 and 18 on following page). 

The conelusions, to be drawn from these results, are the following: 

The amount of action, produced under the same conditions, as to 
temperature and pyz, by the same quantity of urease in urea solutions 
of different concentrations becomes never really constant, not even 
in highly ceoncentrated solutions. 

The higher the acidity: of the solutions, the more the amount of 
action increases with increasing concentration. 

These facts are in agreement with the fundamental formula 
5 Ri 

et; 
vo + ne 
For the initial veloeity, when « is still equal to a, this formula 


gives the mathematical expression 


de a 
——m 


dt a+ ne 


— de=m 


ra gg Vet A 


TABLE 17. 
c.c. NHz 35 N, formed in 120 minutes in 12 c.c. 
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Concentra- | 


ı PH= 


| 


In Ra= 


| 


PH=  Ppu= PpH= | PHu= | PH= | PH= 
tionureae | 5.83 | 6.68 | 6.831 | 6.89 | 7.14 | 1.47 | 18 | 810 
0.03 Be U 0.052 1.05 | 3,2 3 2,0 
0.05 N 153 | 2.255415 3,45 | 3.05 | 3.2 
0.068, 0.164 1.3 1.9 2.3 | | 4.05 3.55 | 32 
0.1 | 021 0.16 2.15 | 2,5 3. 4.1501 04:4 3.4 
0.2 | 0.3755 2.3 34 | 3.55 | 4.065 | 4.3 3.7 
0.5 | 0.851 3.3 3.9 Sa a Se re 3.8 
Bao ns A| as .| 5.0 425 | 2.0 
er | 2.75; |,1445.|:|: 4.0 SB ler ae Ka 
4, — 322 048 05.15 5.4 4.45 | 5.25 | 4.6 3.9 
6.— | 4.15 485 5.2 | 5.3 4.45 | 4.85 4.35 3.65 
— | 4.65 | 4.8 5. | 5.15 | a5 46 A 3:8 
TEBILR18: 

Values of: 
0a + dx x-+nc er 
a er or: m=— Fr | 
multiplied by 1000. 
Concentra- PH= | PH= | Are PH = | pPu= | PH= | Pu= | Pu= 
tion urea a \ 5.83 6.68 6.81 | 6.89 | 7.14 1.47 1.83 8.10 
0.03 0.068 | 0.108 0.135 | 0.153 | 0.140 | 0.23 | 0.174 | 0.139 
0.05 | 0.114 | 0.142 0.157 | 0.160 | 0.19 | 0.181 | 0.144 
0.08 | 0.066 0.128. 0.150 | 0.168 | 0.160 | 0.20 0.161 | 0.140 
0.1 0.067 | 0.136 0.153 | 0.166 , 0 167 | 0.20 0.184 0.147 
0.2 | 0.066 | 0.143 | 0.181 | 0.172 | 0.21 | 0.185 | 0.157 
0.5 0.08 | 0.165 0.184. 0.199 | 0.184 | 0.21 , 0.189 | 0.159 
.— | 0.102 | 0.118 | 0.194 0.109, .0.182.120.21 0.177. 0.183 
a | 0.152 0.185 0.208 0.220 | 0.190 | 0.22 0.198 0.171 
4 0.154 | 0.205 | 0.218 0.226 0.186 | 0.22 0.192 0.163 
6 0.19 | 0.205 0.219 | 0.221 | 0.186 | 0.20 | 0.181 | 0.152 
8.— 0.20 | 0.203 0.209 0.214 | 0.177 | 0.198 | 0.167 | 0.18 
| 
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If ne is large, compared with a, the initial velocity is small; a 
larger a gives a greater veloeity. On the other hand, if ne is small, 
TS 
then even for low urea concentrations ——— is not small and will 
a— ne 
sooner approximate (o a constant value. 

The values of m were caleulated in the tables, either, when y had 
an appreciable value, from the integrated equation, Or from the 
differential equation for the initial velocity as soon as the urea 
concentration was high enough to make these equations give the 
same value. 

The inconstaney of m will now be shown to afford favourable 
evidence to the radiation theory. 

For in surveying the columns which give the e.c. NH, zZ; N, formed 
in equal times of action, a remarkable feature will be_observed. 

For low pm these values increase continaally from 0.03 up to 
8°/, urea concentration. 

For higher px there is first an increase and then, in the most 
eoncentrated urea solutions, a decrease. 

This is exactly, what the theory would lead us to expect. 

A urease particle being the centre of a’sphere of action and the 
action in this case produeing an alkaline substance, the H-ion con- 
centration around the enzyme particle will be lowered and kept 
low by the enzyme action itself. This process will be negligible in 
dilute urea solutions, but in concentrated ones, where the sphere of 
action is concentrated into a small volume, a marked diminution of 
the H-ion eoncentration may be expected. 

Bearing in mind the dependence of urease activity m on pp (see 
Fig. 3), it will be evident, that in solutions of low pz a decrease 
of the H-ion concentration around the enzyme particles, i.e. a 
diminution of c, means a rise of m. Hence for two reasons con- 
siderably more action is found here in high urea concentrations. 


For, besides the increase of 


-, there is also an increase in m, 
atnc 


because the » 7, though constant as far as can be estimated in the 
solutions as a whole, is inereased in the small sphere around the 
enzyme, to which the action is confined. 


If pr is not very low, the production of an alkaline substance 


around the enzyme particle may raise px above the optimum in 


these phosphate solutions. Hence in the concentrated: urea solutions 
of a pa near or above this optimum the pz may soon be raised 
so far, that m is diminished. 


(To be continued.) 


ra ii re 


Astronomy. — “Investigation of a galactic cloud in Agquila.” By 
Dr. A. PannrKork. (Communicated by Prof. W. pr Sırrer). 


(Communicated in the meeting of March 29, 1919). 


A communication to. the Meeting of this Academy on 
Dec. 8, 1911, described how, by means of some photographs, 
it is possible to obtain data about the increase of star-density with 
decreasing limiting magnitude. There it was stated already that 
Prof. HerTzsprung of Potsdam, by means of the Zeisstriplet of the 
Astrophysical Observatory, had made some photographs (of the 
galactic cloud N.W. of y Aquilae), in order to test the method. 
Various eircumstances, however, prevented a final discussion of'these 
plates until quite recently. 

The plates are 20 x 20 em., the centre lies near 4 Aquilae, and 
the region that was photographed is 6° square. The plates immediately 
used for this purpose are: 

Nr. 328 Sept. 2 1910 Expos. 600, 600, 190, 60, 19, 6, 2 sec. (plate A) 


Nr. 329 Sept. 21910 Expos. 1900, 1900 sec. (plate 5) 
Nr. 1260 Aug. 241911 Expos. 40", Halbgitter North (plate (/,) 
Nr. 1261 Aug. 241911 Expos. 45”, Halbgitter South - (plate (,) 


As for the counting of plates A and B no reseau was printed 
on the plates themselves, a reseau of 6°/, mm. interval was photo- 
graphed on a separate glassplate instead, which reseau-plate, during 
the eounting, was firmly clasped to the counting-plates. 

1. The countings. On plate A were counted in each square firstly 
the numbers of stars with only 2 equal images, secondly those with 
moreover a 3'4 image, (190° exp.) thirdiy those witlı 4 images, (a 
still visible image therefore for 60°), those with 5, and with 6 images. 
The respective limiting magnitudes differ about 1 magnitude;, accord- 
ing to some provisional comparisons with a photograph of the North 
polar region they amounted to 13,0..... 9,0. The uncertainty and 
the subjeetive differences of conception so common in star-counting, 
the faintest star-images not being discernible from casual spots in 
the plate, are practically done away with here, as every star must 
present two equal images at & known distance, or as a faint image 
must present itself at a given spot near the brighter images. Yet 
this does not do away entirely with the uncertainty in counting; 
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TABLE I. Number of stars. 


1 "88. | 718)" 100 zT Na26 Pie 
Ba 1 da ar Bi | 34 
11; 5.1177) 18, 7129 ı0)22 13115 9 | 

er. n 2| 


3 = 


28 31 37 
BEiBEkS: 20, 5413. 2 
Re IM EU 
77:0 008 
26 | 4 
131 3.4-21508 
32. 258 
TER RTE 
47 53 
| 1675725 1878 
0041 
97 | 127 
46 | 39 
21 12 18 9 | 
31175 
118 
| 
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on plate B some of the denser galactie regions are asit were dotted 
with scarcely perceptible spots, so that it often seems entirely arbi- 
trary whether some of them are to be considered as belonging 
together, and to be counted as stars. In deeiding whether a scar- 
cely visible 3"4 or 4!" image existed alongside of the brighter images, 
the subjeetive certainty_was considerably greater. 

In the case of the brighter stars another uncertainty presented 
itself. It sometimes happened that of some star, which in the large 
images was decidediy fainter than another, more faint images could 
nevertheless be discerned, as here the fainter images were small 
and sharp, and with the others they were large and diffuse. This 
is caused by fhe uncommon achromatisation of the Zeisstriplet '), 
which renders tlıe yellow stars large and hazy, and the white stars 
bright and small. This eireumstance, which may be of use in deci- 
ding tbe colour of such weak stars, often rendered the eounting 
tröublesome; as a rule the visibility of the weakest image was taken 
as a criterion for the elassifying. 

The region counted comprises 100 squares (in AR. of —7 to +3, 
in deel. of +5 to —5). The centre of the plate lies on 279°30' + 
— 11°30'; the side of each square is 15',28, so the surface is 
0,0649 — '/,,,., square degrees. The cornerpoints of the region 
explored are situated at 


977°40'6-+12°44',8: 277°41',6 + 10°12,4: 280°17',0 + 12°46',8; 
280°16',5 + 10°13',6. 


The. eountings have been executed by means of the mieroscope 
of the Repsold-apparatus for rectangular coordinates at the Leyden 
observatory, fitted out with the weakest ocular; the enlargement 
was tenfold, rather too strong for the purpose. The results of the 
countings have been collected in Table I; each square contains 
successively the number on plate 2, the number on plate A, the 
numbers on A with at least 3 and 4 images, and the numbers on 
A with at least 5 and 6 images. 


%. The scale of magnitudes. In order to find the limiting mag- 
nitudes for which these numbers stand, the magnitude of a number 
of stars had to be ascertained. This part of the investigation present- 
ed the greatest diffieulties, as it had to be effected with somewhat 


I) The focal distance is minimum for 394 au (Herrzsprung A. N. 4951. Vol. 


207. 88). 
86 


Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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primitive means. To obtain a comparison-scale a portion ofa photo- 
graph of Coma Berenices was cut oul, containing side by side 
exposures of 12, 15, 19, 24, 30, 38, 48, 60, 76, 95, and 120 seconds, 
which means 11 images of every star, inereasing 0”, 2 in magni- 
tnde. By pressing this plate to the back of plate A or 5, film 
against film, and comparing with an ocular enlarging > times, each 
star on A or B could be inserted by means of eye-estimate between 
the terms of the scale. The numbers of the scale-values represent 
the approximate magnitudes of stars that would have the same 
images on plate D. 

By means of this scale in a number of regularly distributed 
squares the magnitude of all the stars distinetly visible on plate B 
was estimated and the like on A for all elearly visible and measur- 
able images. Thus can be found the differences in magnitude between 
the various exposures, expressed in the provisional scale. To express 
the unity of this provisional scale in the absolute scale of magni- 
tudes, two strips, North and South, were measured on either plate 
C in such a way as to leave each strip on the one plate entirely 
covered by tlie Halbgitter, and on the other quite free.'By dedueing 
from this the difference in magnifude of the images with and with- 
out the Halbgitter in the provisional scale and comparing it with 
the known absorption-coefficient of the Gitter, one can find the 
reduction to absolute scale. By means of a few stars of known 
magnitude the absolute magnitude can then be deduced: 

The execution and reduction of the measurements showed that 
in case of the more brilliant stars with large images there existed 
systematie differences, that rendered a further use of them undesi- 
rable. With the fainter stars of the scale other errors presented 
themselves. The smaller images showed as somewhat irregular spots, 
and neither did these always differ 0",2 in magnitude. Phis may 
be caused partly by local differences of sensitiveness and a not 
wholly regular spreading of the silver-grains, which influence the 
look of these small faint spots, partly in the accidental eoineiding of 
scale-images with images of other invisible stars. It proved necessary 
Iherefore, to ascertain separately the magnitude of all images of the 
scale that were often used. This was done by estimating them 
between the images on a polar plate, likewise following each other 
with a theoretical interval of 0%,2; as each scale-image was inserted 
in ‚various polar-star series, the errors of these series passed into 
the magnitudes of the scale to only a very slight extent. Thus for 


Ihe magnitude of the faintest (0) up to the brightest image (10) of 
the stars w, s and " we found: 
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0 1 2 3 4 5 6 EL, fe) ) 10 
w invisible 14,4 14,1514,0 13,8 13,6 13,4 13,2 
s 142 14,0513,9 13,85 13,45 13,15 13,0 12,85 12,7 12,4 12,25 
1 225183.0 19,8557285°12,25 11,9 11,75 11,75 11,5. 11,35 11,15 


These values were made use of in order to deduce the magnitude 
of the star-images in the squares on plate B and A: the shorter 
exposures give magnitudes decreasing by about 1”, from which 
the difference in magnitude of the successive exposures B,A,,A,,d,, 
may be deduced. 


Classifying these differences according to magnitude, we find: 
B A, B-A, _ corrected A, A, 4A,-4, _ corrected 
11,40 12,32  0.92(18) 0.98 11,46 12,40 0,94(5), 1,01 


11,88 12,76 0,88(17) 0,96 11,85 12,81 0,96(11) 1,04 

12,41 13,35 0,9480) 0,91 19.30,.43.49. 1.1917), 145 

12,70 13,84 1,1418) 1,00 12,76 13,95 1,19(17) 1,03 
0,95(83) 1,07(50) 


ä, A, A,-A, corrected 
1228 13,35 7,078) 1.05 
12,81 14,02 1,21(11) 1,04 

1,04(19) 

The differences are not merely accidental; the fact that with all 
of them the last value is the greatest, proves that the scale is not 
yet wholly homogeneous. By successive approximations the following 
deviations from an evenly running scale were found - 


11,42— 12,32 —-0,06 12,36-—13,35 +0,03 
11,87 -12,73°  —0,10 12,75—13,86 +0,15 
These are accounted for by the following corrections to the scale: 

41.2..11.87,,0 13,0 + 0,07 

12,0 + 0,02 13,2 + 05 

12,2 + 04 13,4 + 03 

12,4 + 07 13,6 00 

12,6 + 08 13,8 — 04 

12,8 + 09 14,0 — 08 


By introdueing these correetions, we get for the difference in 
aenittde 3, A= 0,95, A, 4, — 1,07; A, — 4, — 1,04. For 
{he shorter exposures only the brighter stars could be used; they 
gave the result of 4, 4, =1,160);,4, — 4, = 1,0904). The 
mean error of 1 determination of magnitude is 07,14. 


86* 
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To this same scale were compared a number of stars in the N. 
and S.-strip on the Halbgitter-plates C', and C,. Here the result was: 
S.-strip: ordinary image G, — weakened image (, = 
— 13,78—11,63 = 2,15 (75) 

N.-strip: ordinary image C, — weakened image Ba. —- 
— 13,78--11,48 — 2,30 (38) 

This gives for the absorption of the Halbgitter in unities of the 
provisional scale 2,22. In absolute seale according t0 the statement 
of Prof. Heurrzsprung at Potsdam there was found for this absorption 
1,963 magn. All the intervals deduced here must therefore be 


multiplied by the factor 0,884, in order to express them in magni- 


tudes (this means that a 10 times larger exposure gives a gain of 
1,77 magn.). Then they are: 
B- A, = 0m84; A, — 4, — 0m95; A, — A, = 0m,92; 
A, — 4A, =1m02; 4 


4, = 0m,96, 


In order to express also the magnitudes themselves in absolute: 


scale, 16 of the most brilliant stars were used, which are contained 
in the “Göttinger Aktinometrie”; from the magnitude of their 5! 
and 6! image was found: 

m — 11,55 — 0,884 (prov. m — 11,55). 

3. The limiting magnitude. The difference in limiting magnitude 
will be equal to the differences in magnitude found here for the 
same stars at various exposures, provided the eonditions under which 
the observations are made be absolutely identical. On the plates B 
and 4, each star presents two equal images; all the double images 
therefore that are at all discernible are counted. With regard to the 
exposures A, A, A, and A, on the other hand, a faint, scarcely dis- 
tinguishable image must be looked for, in a given spot by the side 
of brighter images. If the chance that by the fluetuations in the 
conditions a star-image near the limit of visibility can be just 
discerned =a, then the chance that two equal images are both 
visible = a’; in this case therefore more stars remain invisible. With 
such counting as on B and A, therefore fewer will be eounted, syste- 
matically, than with the method employed for A, ete. For the 
difference in limiting magnitude 4,—4A, the difference in magnitude 
found above can therefore not be used. | 

In order to find this difference during the counting of the plates 
A charts had already been drawn of those squares, where later on 
the magnitude of all clearly visible stars was to be ascertained, on 
which charts were indicated all the stars showing 2, 3, 4, 5 and 6 
images. We must now find what magnitude, measured on B, forms 
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‚ (he limit between the stars that are visible on 4 and those that are 
invisible; this is the limiting magnitude for A,. In the like manner 
we find out what magnitude forms the limit between the stars with 
2 and with 3 images on 4; this is Jimiting magnitude for A,. From 
the first follows, with the difference B-—A,, the limiting magnitude 
B, from the second follows, in the same manner, the limiting mag- 
nitude for A,, A, and A.. 

In the application this method proved to invelve many diffieul- 
ties as yet, as the magnitudes of the stars visible and invisible on 
A, as well as those of the stars with 2 and 3 images, extend far 
the one over the other, and are moreover irregularly distributed. 
If m, is the magnitude measured on 2, differing from the real 
magnitude m by tbe unequal sensibility of the plate and by errors 
in the counting, and if the magnitude on the counting plate, like- 
wise diverging from m, is m,, then the star will be visible or 
invisible, according to whether m, < or > m,, the limiting magnitude. 
If the differences m, —m and m,—m follow the law of errors and 
if the stars are divided regularly over the various magnitudes, there 
are (wo criteria for the ascertaining of m,: 

2 In) Be < m, the number of invisible stars is = the number 
of visible ones; »n, therefore is that value of mn,, for which 50 %/, 
of the stars is visible, 50 °/, invisible; 

2. for m Zm the total number of brighter, invisible stars is = 
the total number of fainter, visible stars; m, therefore is that value 
of m, above which appear a number of visible stars, equal to the 
number of invisible ones below. R 

Now the number of stars for greater m increases; the average m, 
corresponding with a measured m,, will consequently be somewhat 
larger than this latter; the limiting magnitude found according to 
the first eriterion, needs a positive correction, which is somewhat 
diminished, however, by the differences m,-m. On the other hand by 
means of the 94 eriterion (he eorrect limiting magnitude is found 
if the number of stars is a linear function of the magnitude m’). 


1) This can be proved in tlıe following manner. The number of stars of real 
magnitude ‘m that is measured on the one plate in magnitude »n,, and likewise 
the number that on the other plate shows the magnitude m,, is respectively 
Im) exp. (— h,? (m, —m)’) dm dın, and (m) exp. (— A,’ (m, — m,)’)dm dm, 
in which f(m) xvepresents the number of stars of the magnitude m; this f(m) 
has the form a + bm. 

If we pose: 

hm, + h,’m, hi’, 3 
in a ee =m, — = h 
h’+h, Au, 
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And if this funetion and the module of aceuracy for magnitudes 
diverging 1” may be considered as equal, the correction for both 
limiting magnitudes is equal with the 1° eriterion, so that the dif- 
ference in magnitude 4,-A, is correctly found also in this way. 

In table II the 2rd and 3’ eolumns contain the numbers of stars 
with 0, with 2, with 3 images (n, n, n,). In order to smooth the 
very considerable, aceidental -irregnlarities of these numbers, the 
total of every 3 consecutive numbers have been placed in the fol- 
lowing columns (n,° n,° n,°). Column p shows how many percentages 
n,° is of the sum total; where in the increase this amounts to 
50 °/,, the limit lies between invisibility and two images; where in 
the deerease it amounts to 50 °/,, the limit lies between two and three 
images, according to the 1st criterion. Next to that stand the sums- 
total s of the fainter, visible, and the brighter invisible stars; the 
limiting magnitude, according to the 2nd eriterion lies where these 
become equal. 

From the values p, we find as limiting magnitude 13,67 and 
12,54; to this must be added the corrections of page 1327, so that they 
become 13,65 and 12,62. From the 2nd eriterion we likewise find 


the number of stars having on the one plate the magnitude m}, on the other 
Ma becomes 


Fı(m,) exp- (— h’ (m, —m,)’) dm, dm,. 


If m, is the limiting magnitude, so that ms zm, means invisibility or visibility, 
then the number of invisible and the number of visible stars of the magnitude 
m, is given by: 


Yitg 


dm, (fon) exp. (—h’(m, —m,)’) dm, en im fs (m,) exp. (—h’(m, -m,)’)dm,. 


For m =m, these two are not equal, in consequence of the factor 


h,’m, +h,’m 
fim)=a+b ——1 2 

“ RE 

The number of bright invisible stars, that have therefore Mm Mg. My > My 
and Ihe number of faint visible stars that have m, > m, and My < My IS 


ma +» 
[am, fan, /(m,) exp. (-—h? (m, — m,)?) 
and Pr 
jo (am, J(m,) exp. (— h’ (m, —m,)). 


These two double-integrals are equal, m, and M; being completely interchange- 
able here. 
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13,72 and 12,63 or, correeted, 13,70 and 12,71. The difference in the 
limiting magnitudes B, and A, according to the first eriterion is 1,03, 
according to the second 0,99; this, as we expected, is less than the 
difference in magnitude 1,07; yet they do not differ as much as might 
have been expected. The good concurrence of these two values is 
no proof for their aceuracy, as they have been arrived at by means 
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1 x Fr ) ee) 
of cognate methods. The irregular course of the numbers n,' n,"n, 


that make up our material, renders it doubtful whether the value 
found is accurate up to 0,1. If we take the average 1,01, and for 
A, and A, 13,71 and 12,70, we find for all limiting magnitudes 
(expressed in the provisional scale): 

B14,66; A, 13,71; A, 12,70; A, 11,66; A, 10,50; A, 9,41. 
When reduced to the real magnitudes, the limiting magnitude is 
therefore: 

B14,30; A, 13,46; A, 12,57; A,11,65; A, 10,62; A, 9,66 
and the differences in limiting magnitude become: 

0,84 0,89 0,92 1,03 0,96 magn. 


4. Results. In the square that was examined the stars are not 
regularly distributed. The greatest density is found on the N. and W. 
sides; it seems as if two star-elouds, one from above, and one from 
the right, streteh into this region, divided by a region of less density, 
reaching towards the S.E. Below lies a triangular, very poor region. 
Herein as a kind of core, lies the three-armed void, which in the 
photographs of the Galaxy taken by Max Worr and BARNARD, shows 
like a black spot or hole'). On dividing the field into 5 regions of 
equal size, each of 20 squares, (the outlines of which have been 
indicated on Table I by means of thieker lines), so that I and II 
comprise the densest, III and IV the medium, and V the poorest 
region, we find for the numbers of stars: 


| ee dlog N 
1 1 m | IV a he IoeN | a 


| 
| | 
B 2169 | 2100 | 1571 1513 | 801 ‘8154 | 3.099 | 14.30 


0.52 
4, 746 | 187 |. ‚1601 584 | 279 2997 2.665 13.46 
0.36 
A, 336 ı 360 297 283 145 1421 2.341 12.57 ’ 


| | 0.43 
A| 186 .| 12 | 27T | 116 | 48: |..s69 ] 1.885 9 11.65 
0.39 


0.63 


u 5 319 47 22 224 | 1.538 | 10.62 


| 14 se a 7 55 | 0.928 | 9.66 


The values resulting herefrom for log N, the amount per square 
degree, and for the gradient, are to be found. for the entire square 
in the last columns, for the five minor regions in the following list. 

The gradients for the entire region present a few irregularities. 
The differences between the last 3 values can be attributed to acei- 


') Compare eg. Max Wour, Die Milchstrasse, Fig. 33 and 34. 


in a EEE RN DEN IE Br 


log N adlog N 
R dm 


322 3.21 


3.08 | 3.07 | 2.79 
| 0.55 1.051 | 0. P=0; 
2246..1:2.18:.,2,674 |. 2.65. 1469,;33 | EL 


} | a 
0.39 | 0.37 | 0.35 | 0.5 | 0.3 
2.41 | 2.44. |°2.36 | 2.34 | 2.05 | a 
| 0.4. | 0.42 | 0.39 | 0.4 | 0.3 
2.02 2.04 | 1.99 | 1.95 | 1.57 | | 
| | 0.38 0.4 | 0.40 | 0.38 | 0.33 
1.63 | 1.59 | 1.58 | 1.56 | 1.23 | | 
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dental irregularities or to errors, not so however in the case of the 
two former ones. This is proved by the fact that in all five regions 
the 2nd gradient is smaller, and the first larger than the others. To 
all probability Ihe reason for the smallness of the second gradient 
must be attributed to the fact that the real difference in the limiting 
magnitudes is smaller still — so that the influence of overlooking 
the faintest stars on S and 4, is yet stronger — than was ascer- 
tained and accepted above. On account of this therefore all the second 
gradients should be somewhat larger. The interval B—A,, the first 
gradient, does not change in this.case, as the countings on B and 
4, are absolutely similar. 

The first gradient is larger than the others. Here then is manifest 
the influence of the distunt galactic condensations, which therefore 
is perceptible in the gradients only after the 13,5" magnitude. 

The fact that the gradients in region V do not essentially differ 
from those of the other regions, allows us to draw some important 
conelusions. This region must be considered as a weakened extension 
of the tripartite dark hole that torms its core. The cause of the lacking 
of stars in this hole, extends gradually weakening, over a wider 
region. As a first explanation we may admit that this cause consists 
in a local diminished space-density of the stars, so that there is an 
actual hole between and in the dense star-clouds that constitute the 
galaxy. In this case the nearer stars are not influenced thereby, so 
they must show no thinning, the brighter stars will be relatively 
more numerous than the faint ones, and the gradient must be smaller 
than in the denser regions. Of this the numbers show nothing; the 
stars from the 10!" to the L4'" magnitude are all diminished to an 
equal rate. This would imply that these brighter stars for the greater 
part belong to Ihe galactic clouds themselves and are situated at the 
same great distance. This supposition, however, is excluded by the 


» 
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value of the gradients between the 10! and the 13th magnitude. 

A second explanation is the admittance of absorbing nebulous 
imasses. If such nebulous matter should exist in {he regions of the 
galactie condensations, only the more distant stars would be dimmed, 
and the phenomena would be the same as in the former case, &a 
relative excess of brilliant stars. From the numbers found, it there- 
fore becomes evident, that the absorbing dark nebulous mass causing 
the tipartite hole, is so near as to dim also the majority of the 
stars of the 10% and 11% nagnitude. It stands in no organic con- 
nection to the galactic clouds, being only accidentally projected against 
that clear background. 


5. Comparison with other results. Our former investigations ') 
stated for the galactice region in. Aquila a strong increase of tlıe 
gradient up to far over 0,6. These results however cannot be imrme- 
diately compared with the present ones, another scale of magnitudes 
having been used. The scale of Groningen Publ. 18 that was em- 
ployed there, needs increasing corrections to reduce them to the 
visual Harvard scale; in order to obtainthe photographic magnitudes, 
belonging to /og N, still inereasing positive corrections have to be 
added, as the average colour-index increases for the fainter stars. ”) 
‚With these corrections we get: 


dlog N dog N 
dm vis. dm phot. 


(m Gr. 18) | m vis. m phot.. log N 


KeB=D:! | 9.24 | 9.35 | 9.76. | 0.898 


2. C.d.C, Catal.| 11.73 | 11.97.) 12.52 | 2,249 | 1—3 | 0.47 0.44 


3. EPSTEIN. 1 12:51 |12.89 | 13.51 12,557 | 2—4 | 0.54| 051 
; | | | 13-4|0.% 0.72 

4... C..d. GC. Chrt. | 13.20 1118.74 114,41: |'8:205 13-5 10/79.) 2.0.74 
| | | | 4 510.2| 0% 


5. HERSCHEL.L 13.90 14.65 15.39 3.948 | 
| | 


Here an increase of the gradient from the 13'" magnitude (phot.) 
upward is perceptible; this therefore eorresponds to (he results now 
obtained. But the values of the gradients now obtained are consi- 


rk into the structure of the Galaxy. Proceedings R. A. Ss Amster-. 
dam, June 25th 1910. 


?) P. J. van RHın. On the number of stars of each photographic magnitude. 
EubE Groningen NP. 97. 
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_ Jderably less than those resulting from the former investigation (now 
0,52 from 13,5 to 14,3, then 0.72 from 13,5 to 14,4) wbich elearly 
pointed to the presence of large, more distant star-condensations. 
Now the photographie scales are absolutely independent of one 
another, and therefore they are not perhaps immediately comparable. 
If e.g. the reduction-factor employed, 0,884, were somewhat t00 
large, (so that a tenfold exposure would mean a gain of a little 
under 2 x 0%,884) in-the present investigation all the m’s and all 
their differences would become smaller, and the gradients larger. In 
"how far this is actually the case cannot be ascertained with accu- 
racy. In any case by means of these triplet-photographs we pene- 
trated less deeply into the fainter stars than at the former investi- 
gation. When the projeet for these pbotographs was made it did not 
seem really difficult to penetrate further than HerscHer's gauges, 
the limiting magnitnde of which then was found to be 13,9. On 
account of the scale-reductions since obtained, this purpose, as has 
now become evident, has not yet been accomplished. It would have 
required an instrument with a larger opening, or a far greater time 
of exposure. 

In order to advance further, Prof. Hxrrzsprung, at my request, 
made a few more photographs with tle 80 cm. refractor at Potsdam. 
To immediately fix the scale of magnitudes on the plate, a coarse 
grating was placed before the objective, so that the central image, 
is weakened 0,n748 and the 1° and the 2rd diffraction-image become 
3,n242 and 3,”317 fainter than the central image. On a plate with 
the centre on 46 Aquila (19537,"5 + 11°57’) on 0,343 square degrees 
858 stars were connted, of which 101 present the first, and 24 the 
second diffraetion-image. From this we find for 


Mm, m, — 2,24 m — 9,92 
log N 3,398 2,469 1,845 


en: dlog N 
from which result the gradients 3: 
am 


— 0,41 and 0,58. This plate 


penetrates somewhat further than the Triplet, for from the compari- 
son with the numbers round about 46 Aquilae that were found in 
Table 1, there results m, — 14,8. Here the gradient from 12,6 to 
14,8 proves to be only 0,41. The smallness of this amount is pro- 
bably due to the fact that far fainter side-images were included 
than prineipal images, their place being aceurately known. Here 
again it is evident, how easily, through dissimilarity of conditions 
systematic differences may oceur in the amounts of stars counted, 
whieh render them useless for the deduction of gradients. 
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Another means of penetrating still further are the plates taken 
by FRankLın-Avams; according to CHarmMan and MkELoTTE they go 
below the 171 magnitude (photogr.), which is also proved by the num- 
bers they give. For the galaetie zone the number N for the magnitude 
15,0 16,0 17,0 according to their original stateıments was 650, 1300, 
2050; these numbers, on account of erroneous formation of mean 
values are too small, and later on Dr. Cuapman gave for the two 
former 840 and 1700 (loy N 2,92 and 3,23)') that is 29°), and 31°/, 
more: if therefore we take the latter 33°/, larger, the number for 
17,0 becomes N = 2800. The table of van Ruun for these N gives 
the photographie limiting magnitudes 15,2 16,2 and 16,9, which 
proves that the stars up to 17,0 have been incompletely counted. 
From the values of N, dedueted in Gron. Publ. 18 for HErscHEL 
vi. N = 175,6 373 10293 for the 3 zones 40--90, 20-40 and 
0—20 galactie latitude, follows the pbotographie limiting magnitude 
for Hersc#en 15,30 15,18 and 15,17. The countings therefore, indi- 
cated by Cuapman and Merorts witlı 17,0, penetrate 13 magnitude 
further into the faint stars than HerscHakr’s gauges. 

The separate countings on plate 136 (A.R. 20,0; deecl. 15°) eon- 
taining the region of Aquila, have been kindly put at my disposal 
by Prof. Dyson. For this plate the limiting magnitudes have not 


{r, 


; dlog N 
been determined photometrically, so that — cannot be strietly 


am 
deduced. If for the m the average values are taken, then we find 
(as the average of 6 regions, situated in the Galaxy in Aquila and 
Sagitta) 


m — 14,4 15,83 16,3 17,0 
IN=065 3445 11883 14310 
dlog N 
LET — 0,61 0,53 0.12 
dm 


This last difference once more proves (hat Cnapman and M&LoTTk 
have counted the faintest stars very incompletely, in these dense 
galactic regions even more so than elsewhere. Also in the other 
differences little is to be detected -of the strong gradient that might 
‚have been expected from HerscHrrL’s numbers. CHArMAN has treated 
also the densest parts of the galactic zone separately, and finds 
for it: 

for w—ld 14 15 16 
109 = 2,08 7 SB OR ER BT 


') S. GHAPMAN. The number and galactic distribution of the stars. Table A 
Monthly Notices 78. p. 70. 
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Thus the gradients become 0,44 0,30 and 0,23. These numbers 
again show no trace of a spacial condensation in distant galactie 
elouds. 

The contradietion that appears in all these results, and that has repeat- 
edly disappointed the hope of penetrating further than Hrrsonvn,, can be 
summarised thus: in the bright galactie clouds the Franklin- Adams 
plates show hardly any greater amount of stars than did the gauges 
of Herscher, although, as far as the average numbers are concerned, 
they go far deeper. On the region of plate 136 the countings of 


. Cuapman and MeLottk give 9340 stars per square degree, and Hurscher 


7500, whereas the average of the entire galactie zone with {the one 
surpasses 2800, and with the other only amounts to 1023. 

lt is not immediately clear what may be the cause hereof. The 
most plausible explanation is, that the countings of the faintest 
stars on the Franklin-Adams plates in the densest regions are far 
more incomplete than in other regions. Another explanation would 
be, that in the bright, dense galactie  clouds the colour-index is 
higher, so that there the average of the stars would be redder than 
in the average of the galactic zone. In this case with eountings on 
photographic plates, no matter how complete, we advance less than 
with visual eountings by means of a telescope with a wide opening. 
So far therefore we cannot penetrate further into the depths of the 
galactie elouds than Herscuet did; our material reaches hardly any 
further than that eolleeted by WırLıam Herschkrn more than a century 
ago. That nothing has been done during the whole of the Eh. 
century to complete and correct his work, is doubtlessiy due to the 
faet that the photographie method with regard to the counting of 
stars promised so much more, but has failed as yet to fulfill its 
promise. The numerous systematie differences which the photographie . 
method involves, — the deerease of star-density towards the borders, 
the greater influence of atmospherie absorption, the 'variation in 
limiting magnitude — all this renders it extremely diffieult, 
to deduce a homogeneous material from a photographie survey of 
the sky. If we consider, moreover, that the faintest stars, the main 
object of investigation, as an average have a higher colour-index, it 
becomes yet more evident how desirable visual countings with 
instruments of high power are for the study of the galatie con- 


densations. 


Chemistry. — “On an Indirect Analysis of Gas-Hydrates by a 
Thermodımamic Method and üts Application to the Hydrate 
of Sulphuretted Hydrogen”. 1. By Prof. F. E. C. SCHEFFER 
and G. Meyer '). (Communicated by Prof. Börskkkn.) 


(Communicated in the meeting of March 29, 1919). 


7. Determination of the -Three-Phase Lines SSg @ and SL,@. 


A number of apparatus of the shape of fig. 3 was supplied with 
small quantities of water, which were introduced through U and 
conveyed to the widened part A by tilting the apparatus. These 
quantities of water were chosen so that the vessel A was filled with 
water for about a fifth part. Every apparatus was then in succes- 
sion eonnected with a sulphuretted hydrogen apparatus in which 
the gas could be developed by the addition of drops of diluted 
sulphurie acid to a solution of acid sodium sulphide. The latter was 
obtained by saturating a solution of sodium hydroxide made_free 
from carbonie acid with barite with sulphuretted hydrogen. 

Before the preparation of the gas the wall of B and (Ü, which 
was still damp with water, was dried by being heated at an air- 
pressure of 2 cm. of merceury, the bulb A being placed in carbonie 
acid and alcohol. Between the filling-apparatus and the apparatus 
CU a T-piece was inserted for this purpose, which made connection 
with a waterjet pump possible. Then bulb A was filled for about 
two thirds with dry liquid sulphuretted hydrogen (the gas was led 
through a U-tube with P,O, to prevent liquid from being carried 
along), after which the tube was fused to at (, and the eooling 
ınixture was removed. 

When the temperature was raised to Yoom-temperature, the ice 
melted, and two layers were observed separated by a crust of sul- 
phuretted hydrogen hydrate. In order to convert the mass as much 
as possible to hydrate, bulb A was carefully heated by immersion 
in a waterbath of over 30° (the quadruple point SZ,ZL,@ lies at 
29.5° ®)), till the hard crust had disappeared. Then the apparatus 


1) First communication, These Proc. 21. 1204. (1919). 
?) These Proc. 13. 843. 1911). Table. 
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being continually shaken was cooled down to the ordinary tempe- 
rature to make the action of the two layers as complete as possible 
If any liquid sulphuretted hydrogen had been distilled over, it was 
always poured back into A by tilting of the apparatus. When in 
this way the eooling down to room-temperature had been achieved, 
the apparatus was left for a few days to promote the action. 

To make vapour pressure determinations bulb A was cooled in 
liquid air, the apparatus was opened at (, and connected to the 
tube D of the apparatus represented by fig. 4 by means of india 


Fig. 8. Fig. 4. 

rubber. By exhaustion through tap Z4 with a waterjet airpump (he 
sulphuretted hydrogen-air mixture was partially removed from 
and © (fig. 3); the rest of the gas was absorbed by the cooled 
eocoanut carbon Ä by opening of / (after Z had been shut). When 
the gaseous sulphuretted hydrogen had entirely disappeared from the 
apparatus, air was admitted, and the apparatus of fig. 3 was fused 
to that of fig. 4 at D. Then the apparatus was agaın evacuated, the 
liquid air round A was replaced by carbonie acid and alcohol, and 
the sulphuretted hydrogen was sucked off through Z. After the 
liquid sulphuretted hydrogen had been removed from A by boiling, 
the apparatus remained in connection with the waterjet pump for a 
few hours more in order to remove the sulphuretted hydrogen ab- 
sorbed in the solid substance as completely as possible. Then bulb A 
was again placed in liquid air, the apparatus was completely evacuated 
by the aid of the coevanut carbon, air was admitted, tube F 
was temporarily opened to convey mercury into E, and the whole 
apparatus was exhausted again. Bar 

The mereury in E was freed from air by. heating in vacuum. 
After the mercury had been cooled, A was again placed in earbonie 
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acid and aleohol, and evacuated with the waterjet pump, afterwards 
with the carbon. 

When after the evacnation with the eocoanut carbon tap / was 
closed, a gas pressure again appeared in the apparatus after a short 
time (Grissuer tube A), and this was continually repeated. We shall 
diseuss the cause of this phenomenon later on. When the gas that 
had generäted in the apparatus, had been removed a few times, so 
that it might be assumed that the apparatus did not contain any 
more air, the mercury was transferred from # into B by tilting of 
the lefthand part .of the apparatus (the glass spring (# made this 
movement possible). The tap near (7 was now closed, and the 
apparatus was cut through between this tap and the glass spring @. 

The lefthand part was connected by means of a rubber tube to 
a manometer one meter long, for the higher pressures three meters 
long. By a sucking pump, a tap that allowed contact with the outer 
air, and a tap that was connected with a cycle pump, the pressure 
of the air between B and the manometers could be regulated at 
will in the measurements. Hence tube 3 acts as a ceut-off valve 
in the determinations; the difference of level in tlıe ımnanometer 
corrected for the difference of position in 5 yields tlıe value of the 
three-phase pressure. In order to make it possible t0 determine the 
difference of level in 3 a glass scale graduated in millimeters was 
attached to the tube 5 by the aid of cork disks and copper wire. 
The determinations being carried onut* exelusively at temperatures 
below room temperature, only bulb A was placed in a bath of 
alcohol, which could be cooled down to definite temperatures by 
addition of solid carbonie acid; a stirrer ensured uniform tempe- 
rature in the alcohol batlı. The eut-off valve B remained eontinually 
in contact with the outer air. 

During the slow heating of the aleohol bath it now appeared that 
already at low temperatures a rapid rise of pressure appeared, which 
could not possibly be attributed to deeomposition ofthe hydrate. When 
the pressure had reached a detinite value, the change with the tem- 
perature had greatly diminished again. This faet pointed to this that 
in spite of the exhaustion with the cocoanut carbon the hydrate had 
absorbed appreeiable quantities of sulphuretted hydrogen, which were 
liberated already at temperatures of about — 50° C. 

The exhaustion with the eocaonut carbon had, accordingly, not 
been suffieient to remove the absorbed quantity of sulphuretted 
hydrogen ; prolonged evacuation is, however, undesirable, because as 
will appear later, the hydrate still possesses an appreciable tension 
of dissociation at — 80° O., and decomposition must, accordingly 


a A 
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take place in vacuum. Hence the appearance of this gas-absorption, 
and the pressure of dissociation which is not negligible at — 80°C. 
are the cause that the ecompound cannot be prepared in pure state 
in the way described above. These two phenomena have, however, no 
disturbing influence on the determination of the three-phase pressures, 
at least when Ihe gas adsorption: does not attain to too large amounts. 

It is namely clear from the described phenomena that the gas- 
adsorption is no phenomenon of equilibrium ; at higher temperatures, 
where the equilibria set in more rapidly, this adsorption soon stops, 
and the liberated sulphuretted hydrogen cannot influence the three- 
phase pressure (the three-phase equilibria are monovariant). Nor can 
a partial decomposition of the hydrate have any influence on the 
pressure of equilibrium. 

Nevertheless a difficulty presents itself in these determinations. 
When the compound had absorbed no gas, a gas pressure could 
only appear on heating through decomposition of the compound into 
ice and gas; the observation of a gas pressure would then be a 
suffieient ceriterion that a tlree-phase pressure existed. In consequence 
of the said adsorption it is, however, possible that with increased 
temperature through liberation of gas a gas pressure occurs without 
any decomposition of the compound taking place. As the transfor- 
mation of part of the compound into ice and gas cannot be directly 
observed, the possibility exists that pressures of two-phase equilibria 
compound-gas are measured instead of three-phase equilibria. It now 
appeared in the determinations that at lower temperatures no cor- 
responding values were found for the pressure (the two-phase coexis- 
tences are divariant); at higher temperature the correspondence 
became, however, very good. This can, evidently, be accounted for in 
this way that the solid substance had absorbed different quantities 
of sulphuretted hydrogen, which were liberated on increase of tem- 
perature. When- this released quantity of gas yields a pressure higher 
than the three-phase pressure, the decomposition of the compound 
cannot begin. Not until through increase of temperature the three- 
phase pressure rises so much that this becomes greater than the 
pressure caused by tbe liberated adsorbed gas, three-phase pres- 
sures oceur. On account of the different adsorbed quantities this 
takes place for the different mixtures at different temperatures. In 
none. of the experiments did the adsorption prove tu be so great 
that the determinations of the three-phase pressures were rendered 
impossible. As was natural only the values in the neighbourhood 
of the quadruple point, where the correspondence was good, were 
used for the caleulations. (See $$ 8 and 9). 

| 87 
Proceedings Royal Acad. Amsterdam. Vol. XXl. 
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8. The Ihree-Phase Line Hydvrate-lce-Gas. 


In the tables 1—3 the results have been recorded of three sets 
of observations. In the first and second columns of every table the 
temperatures and the corresponding three-phase pressures (in cm.) 
are given, the last have been reduced to mercury of 0°C. The third 
column contains the tensions correeted for the vapour tension of ice, 
the fourth and the fifth contain the differences in the Brise loga- 
rithms of the pressure and in the receiprocal absolute temperatures 
of the successive observations. The sixth column gives the value of 
ns ealeulated according to $ 5; as in $ 5 the calculation was 
made with Neperian, in tables I—3 with ordinary logarithms, the 
modulus 2.303 occurs here in the denominator. The last column 
records the mean values of the last mentioned expression. The first 
value of /P in table 3 is too higb; it probably refers to the equili- 
brium hydrate-gas (ef. $ 7). It is easy to see that the too small 


TABLE 1. 
t DW 102% a an 
| (corr) 10 F 10547 | 2303R mean 
a | 2 | m 
| | | 12.929 9.74 1327 
N19,75 1 30,2 30.1 
IR | 1.894 6.07 1300 
1 215:8 36.2. eabll 
| | 1.741 | 5.88 1318 | 
11:88. .1°.743,3° 01). 315 1327 
| TAT 5:08 
2,7." 51.5 | 51.25 | 
5.5098 | 4.23 1 
4:06 58.6 58.3 | | er 
| 4.791 3.51 | 1365 | 
1 2.4 65.5 65.1 | 
1. | | Po 
TABLE 2. 
1% P corr) 102AlogP_ 105 1 un | 
| P(corr) og 105 AT” | 2.309R mean 
—21.1 | 28.0 271.9 | | 
| 8.828 6. 
—16.8 34.35 3.23 | | R ne 
9.780 ; | 
-11.85 | 43.05 42.9 en er 
11.7 et 
er nr Sr 28 8.74 1342 | 1344 
5.132 8: | 
— 3,0 63.6 63.25 > nn 
| 3. ; 
I 125 68.65 68.25 = a AZ 
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TABLE 3. 
t P | Pfcorr 1024 lo P\ 1054 7-! | AB 
| | eorz) | 5 | 2.309R .| Es 
777 | | a < 
—24.6 | 124.9) | 24.85 | 
| | 10.160. | 9.27 1096 
Ba |w31:5 31.4 | 100) 
= 11.95 | 8.91 1342 
—12.85 | 41.5 41.35 1329 
11,309 | 8,53:, 1 .,1326,. | 
— 6.95 53.9 | 53.65 | | 
EC ie et 
em), 66,5 66.1 | | 
| | | | 


value of Q, is in accordance with this supposition ; the region where 
compound coexists by the side of gas, lies namely on the side of 
higher pressure with respect to the three-phase line. 

When we take the mean value from the three tables, it appears 


( : 
that the value for _& amounts to 1333, from which follows the 


2.303R 
value 6090 for Q.. 

The external work in the transformation amounts to RT’, because 
one gramme-molecule of gas is formed in the conversion; at tbe 
quadraplepoint (= — 0.4°; see $ 9) this work is 541 cal. 

The change of energy amounts, therefore, to 5550 cal. The trans- 
formation is given by: ko 

H,S.nH,0ZH,S 4 n H,O — 5550 cal. 
(solid) (gas) (solid) 


9. The Three-Phase Line Hydrate-Aqueous Liquid-Gas. 

In the tables 4—-6 the results are recorded, which were obtained with 
the same samples as those in $8. In the fifth column @ represents the 
number of volumes H4,S of one atmosphere, (eorrected for 0°), 
which dissolves in one volume of water. '‘) It follows from this by 
a simple caleulation on assumption of Henrv’s law that in one 
gramme-molecule of water 1.057.10-5 aP gramme-molecules of sul- 
phuretted hydrogen dissolve; this amount is indieated by q. 
1-+r—s)AlogP 

AT 
2.303 R (see equation 13), and s have been caleulated according 
to 10a and d, in which the value 6 was substituted for n. 

The found values of E, can now serve for the ealeulation of that 


value at the quadruple point. 


In the tables 5 gives the absolute value of 


1) LanporLt—Börsstein -RorH. Tables p. 601. Determinations by A 
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The situation of the quadruple point could be found by graphically 
determining the point of interseetion of the two three-phase lines 
SSpz@ and SL,@. In this way by the aid of the data recorded in the 
tables 1—6 we find = — 0.6 # 0.2; the corresponding pressure 
amounts to about 70 em. of mercury. The quadruple point tempera- 
ture can, however, be calculated more accurately as’ follows. 

Under the eircumstances of the quadruple point the liquid Z, is 
a diluted solution of Sulphuretted hydrogen in water. When a again 
represents the number of volumes /7,S of one atmosphere (corrected 
for 0°), which dissolves in one volume of water, the number of 
sramme-molecules 7,S that dissolves in 100 grammes of water, is 
5.87.10 ?aP. If H,S were a non-electrolyte, the lowering of the 
freezing-point would accordingly amount to 5.87.10? aP.18.5°. When 
in this we introduce for a and the solubility at = — 0.6° (4.709) 
and the quadruple point pressure found graphically (70), we find a 
lowering of the freezing point of 0.4°; the quadruple point tempera- 
ture amounts, therefore, t0 —0.4° C. When for a the solubility at 
—0.4° is chosen, this brings no change in the calculation. 

Nor does the fact that sulphuretted hydrogen in water is partially 
eleetrolytically dissociated bring a change in the above caleulation. 
The dissoeiation constant of H,S amounts (first stage) to about 
10-°. The dilution under the eirenmstances of the four-phase equili- 
brium amounts to 5.2, the degree of dissociation in consequence of 
this to about 7.10 -*, and consequently the latter has no appreciable 
influence on the situation of the quadruple point. 

In order to find the value of Z, at this temperature, the specific 
heats of the reacting substances must be known. As the molecular 
specific heat of the hydrate (n — 6) would amount to 61.6 according 
to the law of Kopr '), and as the specific heat of six molecules of 
water and one mol. of sulphuretted hydrogen is 108 + 6.3—= 114.3, 
the algebraie sum is about 53. The correction required for the 
ealeulation of Z, at the quadruple point is, therefore, 53 (+ 0.4). 
The mean of the values thus found is recorded in the last column 
of the tables 4—6. 

The values of the last column but one in tables 4 and 5 still 
present appreciable deviations. This is owing to the small differences 
of temperature between the successive observations. In order to 
determine these differences more accurately the Anschürz-thermo- 
meter (division into '/, degree), which was used in the other 
determinations, was replaced by a BEcKMann-thermometer (division 


}) Nernst. Theoretische Cheinie. Gesetz voN Durona und PETIT. 
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into "/,, degree) in the experiments of table 6. Consequently the 
agreement of the values in the last column but one of table 6 is 
much better; the mean, values of the three tables are in good 
concordance. 

When we now determine the mean of the values from the last 
columns of tables 4—-6, the first value of table 5, which is evidently 
too high (probably because (he transformation in the quadruple point 
had not yet entirely taken place), being eliminated, the value 14270 
for E, is found; when the value in question is taken into account, 
the mean amounts to 14350 cal. 

Hence the decomposition of tlıe hydrate takes place according to: 

H,S.n H,0Z H,S + n H,O — 14270 (14350) cal. 
(solid) (gas) (liquid) 

An objection that may be adduced against the above caleulations, 
is tbe choice of n=6 in the determination of r and s from equa- 
tion 10 a and 5, and in the caleulation of the algebraie sum of 
the specific heats. We shall come back to this in $ 11. 


10. From the values #, —= 5550 cal. ($8) and %, — 14270 (14350) 
cal. ($ 9) follows according to equation 1:n Q = 8720 (88300) cal., 
and as Q= 1440 cal., the value 6.06 (6.11) follows for rn. Hence 
the conclusion from these caleulations is, that the hydrate has the 


formula: 
H,S :6 H,0. 


ll. As was stated in $ 9, n=6 was already taken in the 
ealeulation. A choice Of n was necessary to render it possible to 
ealeulate » and s (equation IO a and 5), and find the algebraic sum 
of the specific heats. We shall, therefore, still have to show that 
n=6 is the only value that satisfies the observations. It might, 
namely, also be possible that with the choice n—=5 the result of 
$ 10 was also appreciably changed, and would correspond to the 
choice n=5. This is, however, not the case. The following consi- 
derations may make this clear. 

En=5, the molecular specific heat of the hydrate would amount 
to 53.0, and as the specific heat of five molecules of water and one 
mol. of sulphuretted hydrogen is 90 + 6.3 — 96.3, the algebraie 
sum would be about 43. 

When on assumption n—=5 we caleulate the values of » and s, 
and by the aid of this the other values, it appears that this does 
not give any change in the result, and that, therefore, the assump- 
tion n=5 ıs erroneous. We have carried out this ealeulation for 
the data of table 4; the results are recorded in table 4a. The mean 
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value of the last column becomes 100 cal. higher thau the corre- 
sponding value of table 4. A difference of one molecule of water 
TABLE Aa. 


BE Een | _ 
103 2 | | 

i as), ra 1 s@, | Ihr-s| 5b | 
{R | 


E, Exlt=-0.4) mean. 


er | m 

0.85 a 1.97 | 63 |. 90 | 0.9862 | | 
| 15310 14800 14720 
14080 | 13570 13450 | 


15310 | 14810 14650 


1.9 |5.78 12.13| 62 _97 | 0.9885 | 
2.9 [5.28 2.27 | 57. 104 | 0.9826. 
3.9 |5.17 2.43 | 56 111 | 0.9809 14210 


| 15640 15150 14940 
4.85 | 5.06 2.61 | 


54 119 | 0.9790 | 
14150 | 13670, 13400 


6.85 | 4.85 | 2.95 52 135 0,9754 


\ 


14920 | 14460 14110 


8.85 | 4.44 | 3.3747 | 154 , 0.9707 


| | 
1 ! 


in the composition of the hydrate would require a difference of 
1440 cal., and besides the difference lies in the wrong direction. 
Accordingly the value n—=5 does not correspond to the observations. 

It will be elear from the tables 4—6 that it is permissible to 
neglect the values spoken about in $ 6 in the expressions 10a and d. 

1%. When we now compare the results of this indirect analysis 
with the determinations carried out before by a direct way, it appears 
that at the quadruple point the composition of the compound is 
given by H,5.6H,0, that, however, at — 80°, when the compound 
is formed of water and an excess of sulphuretted hydrogen, a quan- 
tum of gas is persistently retained by the solid substance, which 
does not even escape at a pressure of 2 cm. (waterjet pump) in 
some hours. When the compound is heated, this gas is, however, 
quickly liberated, and this latter eauses two-phase equilibria to be 
measured in vapour pressure determinations at low temperatures (Cf.$7). 

The analyses executed before can be explained by this gas-adsorp- 
tion. The quantity of sulphuretted hydrogen retained was not incon- 
siderable. When we bear in mind that (he composition of tlie solid 
substance varied between H,S. 5.1H,O and H,S.5.5H,0, it appears 
that per molecule H,S.6H,0 resp. 0.18 and 0.09 mol. H,S have 
:emained adsorbed. That these quantities have not rendered the above 
three-phase determinations impossible is owing to this that during 
tbe filling of the apparatus, it was repeatedly evacuated cooled with 
liquid air, hence at lower pressure, that therefore the sulphuretted 
hydrogen could more easily escape, and tbe time of evacuation was 


chosen long. RR Me 
In te direet analysis exhaustion with liquid air is not permissible, 


1348 


e the pressure then falls below the three-phase tension S6B@, 
words ihe hydrate can be decomposed. From the deter- 
3 the three-phase pressure hydrate-ice-gas 


becaus 
in other 
minations of the tables 1 


at —80° can be ealeulated by extrapolation. When we assume the . 


heat of transformation to be independent of the temperature — it 
has already been proved in $ 5 that the influence of the temperature 
is small — the following equation is found for the three-phase line 
SSz@ by the aid of the tables I—3: 


1333 ns, 
a P=— a + 6,7393. 


x 


When in this we substitute {= — 80° C., the pressure appears tO 
amount to 7 mm. In the carbonie acid-aleohol mixture the three- 
phase tension may certainly not be neglected. In the filling of 
the apparatus in the evacnation with cocoanut carbon we have, 
therefore, to do both with slowly decereasing adsorption, and with 
decomposition of the hydrate. It appears from the above-described 
observations {hat the time of evacuation can easily be chosen so 
that neither has a disturbing influence in (he determination of the 
equilibrium pressures. 

Decomposition of the hydrate should, however, be avoided in the 
direct analysis, The pressure of the waterjet pump lies sufficiently 
high above the three-phase pressure, that decomposition may be left 
out of account; under these circumstances the adsorption can, 
however, not be abolished in a few hours. Improvement in the 
direct analysis method is only possible by choosing the time of 
evacuation longer. We have still performed three direct analyses in 
the way described above (ef. $ 1 loc. eit.), in which the time during 
which the hydrate remained connected with the waterjet pump, 
was carried up to 5 (one determination) resp. 7 (two determinations) 
hours. Notwithstanding Ihis these determinations yielded for the 
water content 5.39, 5.46, and 5.61 H,O. Only the last value falls 
somewhat outside the limits 5.1 to 5.5 of the determinations 
performed: before (see $ 1). Accordingly the value 6 is far from 
being reached here either. 

The gas-adsorption discussed here is, therefore, the cause that the 
sulphuretted hydrogen hydrate has not yet been prepared by a direct 
way in pure, state, and that it cannot be analysed either, but that 
an indirect method which can be applied here at temperatures where 
this adsorption is no longer active, yields the right composition 
for this substance. At ihese temperatures direct analysis is, however, 
impossible on account of the great tension of dissociation. 

“ Delft— Amsterdam, March 22, 1919. 
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Chemistry. — “On the Phenomenon of Anodie Polarisation.” 1. 
By Prof. A Smirs. (Communicated by Prof. P. Zeuman). 


(Gommunicated in the meeting of March 29, 1919). 


1. In this communication will be discussed the peculiar pheno- 
menon {hat was mentioned in the first communication with the above 
title. As was already stated there I observed the described pheno- 
menon for the first time. with Mr. Losrky pe Bruyn for iron and 
nickel more than two years ago, but I did not publish it, because 
I thought it necessary to study the phenomenon first more closely. 

Afterwards the same phenomenon was found by Mr. Aren !) for 
chromium, but most probably he has not interpreted it correctly. 


Explanation of the Phenomenon. 


2. It has appeared from the preceding communication that the 
“phenomenon’” appeared for iron when this was polarized anodically 
in a solution of ferro-sulphate or ferro-chloride, which had, indeed, 
been freshly prepared, but had not beforehand been heated with 
iron-powder. : 

We have already pointed out before that iron in the state of 
internal equilibrium can only coexist with a solution which practi- 
cally possessed no ferri-ions. It is further known that a solution in 
which ferri-ions ‚oceur, clearly disturbs iron, and the more strongly 
as the ferri-ion-concentration is greater. As we communicated already 
before we have even succeeded in making iron passive by simply 
immersing it in a concentrated solution of ferri-nitrate. 

Hence the potential of the iron is less negative in a solution that 
contains ferri-ions than in a solution that cvexists with unary iron, 
which latter solution is practically free from ferri-ions. In the solution 
with which the “phenomenon’” was obtained the iron accordingly 
did not present the potential of internal equilibrium, but the potential 
was less negative. 

When now iron in such a liquid is anodically brought to solution, 
the eleetrolyte will undergo a change in the neighbourhood of the 
iron, because iron when it is not passive, certainly goes into solution 
practically exelusively as ferro-ion. The iron is disturbed during this 
anodie dissolving, as appears from the less negative potential of the 
iron during the .passage of the eurrent, and at the same time the 
iron gets surrounded by a liquid layer that is poorer in ferri-ions 


e !) These Proc. 2X, pıll2l. 
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than the other part of the solutions. After the current has been 
broken the iron surface is transformed with pretty great velocity 
in the direetion of the internal equilibrium, and as it is surrounded 
by a solution that contains fewer ferri-ions than the solution outside 
the boundary layer, the potential of the iron will now be more 
negative than before the anodie polarisation. This state can, however, 
last only a very short time, for the ferri-ions diffuse from outside 
into the boundary layer, in consequence of which the potential must 
again become less negative, and will rise to the original. value. 

For a right understanding of the matter it is useful to study the 
subjoined diagram. : 


[eyue)od 


Time 


The line ABC vrepresents the course of the potential of iron after 
anodie polarisation, when it is immersed in the solution of a ferro- 
salt, which is practically free from ferri-ions. Immediately after the 
anodie polarisation the iron is pretty greatly disturbed, but this 
disturbance diminished at first with great velocity, and afterwards 
more slowly. The curve 43’C’ also indieates the course of the 
potential of iron after anodie polarisation, but now after a small 
quantity of a ferri-salt has been added to the preceding solution. 
At first the potential descends rapidly, to below the final value. If 
the liquid in the boundary layer had been entirely -free from ferri- 
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ions and if it had remained so, the potential would have followed 
the eurve ABC, but now the iron is, indeed, in a liquid layer that 
is poorer in ferri-ions than the liquid outside the boundary layer, 
but the ferri-ons present prevent the iron from assuming internal 
equilibrium, hence the potential cannot reach such a great negative 
value as when the ferri-ions were present, as in the first experiment. 

Besides continually more ferri-ions’ diffuse into the boundary layer, 
which causes the disturbance of the iron to increase again and in 
consequence of which the potential becomes again less negative. 
When we imagine fig. 10 placed under fig. 2 of the former publi- 
cation, we get the schematie figure indicated just now. 

In this way the phenomenon for iron must be explained, and 
very probably it will have to be explained in the same way for 
nickel and chromium. 

That for iron the minimum appears sooner and is more pronounced, 
must be attributed to the great rapidity with which iron, so long as 
it is not yet passive, tries to re-estahlish equilibrium after a disturb- 
ance. Nickel is much more inert in a NiSO,-solution than in a 
NiCl,-solution, and this shows itself also again in this phenomenon '). 

3. When it now appears on continued research, as is to be 
expected, that the discussed phenomenon can also be made to dis-: 
appear for nickel and chromium by beforehand heating the electro- 
Iytes with the metals in the form of powder for a long time in a 
current of hydrogen, then it is sure that the solutions of nickel 
sulphate and chromo-sulphate used up to now contain a second kind 
of ions, and this in a eoncentration different from that prevailing in 
the liquid that coexists with the metal which is in internal equilibrium. 

For niekel we are then confronted by the interesting question 
what is the-second nickel-ion here. 

Thus it will probably appear that the found phenomenon furnishes 
an excellent -expedient to decide whether a solution contains different 
kinds of ions of a same element or whether it does not. 

In eonelusion I will point out that it is very well possible. that 
as it were the’ reflected image of the found phenomenon can present 
itself after cathodie polarisation ; this has, however, not been found 
by us as yet. The results published by Rautert would prove this 
possibility for niekel, but in our opinion these results are not correct. 


Laboratory of General Anorg. Chemistry 
of the Unwersity. 
Amsterdam, March 27, 1919. 


I) This will clearly appear in a following communication. 


Mathematics. — “Aufzählung der periodischen Transformationen 
des Torus”. By Prof. L. E. J. Brouwer. 


(Communicated in the meeting of May 3, 1919). 


$ 1. Transformationen mit invarianter Indikatriv und invarianter 


Zyklosis. 


Wir werden sagen, dass eine Transformation die Zyklosıs invariant 
lässt, wenn sie jeden Zykel (d. h. jede nicht zusammenziehbare ein- 
fache geschlossene Kurve) inklusive des Umlaufssinnes äquivalent 
transformiert. Alsdann kann eine n-periodische Transformation ? mit 
invarianter Indikatrix und invärianter Zyklosis des Torus % keinen 
Punkt invariant lassen '), so dass ihre Modulfläche *) nach der HurwITz- 
schen Formel’) ein Torus 7 sein muss. Die Flächen R und 7 
besitzen eine gemeinsame einfach zusammenhängende Ueberlagerungs- 
fläche 5, welche sich in soleher Weise topologisch (d. h. eineindeutig - 
und stetig) auf eine Cartesische Ebene (€ abbilden lässt, dass die 
Translation von (/ 

=» +ala ganz) 


(?) ar 
Mn) 
der Transformation ?Z und die von den Translationen 


| ati 


! I 


y=y v=y+l1 

erzeugte Gruppe derjenigen Gruppe von S, welche alle Punkte von 
T invariant lässt, entspricht. Zwei Punkte ?\ und ?, von ( ent- 
sprechen nun dann und nur dann demselben Punkte von 7, wenn 
sie entweder demselben Punkte von AR entsprechen, oder P, dureh 
eine Potenz von tr in einen Punkt ?,, der demselben Punkte von 
Rt entspricht wie P,, übergeführt wird. Hieraus folgt erstens, dass 
eine Translation von (U der Form 


a 
und Beer 


© =x+b (b ganz) 
a 
werden kann, welche alle Punkte von A invariant lässt, 


!) Diese ee XXI, S. 707 --710. 


2) Ibid., S. 1148. 
3) Matlı. Annalen 41, S. 404. 
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zweitens, dass, wenn n der Minimalwert ist, für den die Translation 
von Ü' 


alle Punkte von AR invariant lässt, die Zahlen @ und n relativ prim 
sind. Für ein geeignetes torisches Koordinatensystem auf R wird 
somit die Transformation £ durch folgende Formeln dargestellt: 


Yo = 


Ki ana i 3 
%”—=Ww+ —— (a und .n ganz und relativ prim). 
n 


m . . . . . . . 
5 2. Transformationen init invarianter Indikatrie und variabler 


Zyklosıs. 


Sei ! die betrachtete n-periodische Transformation des Torus AR, 
t' eine mit £korrespondierende Transformation der einfach zusammen- 
hängenden Ueberlagerungsfläche S von R. Alsdann geht € durch 
eine geeignete topologische Abbildung von S auf eine Cartesische 
Ebene (’ in eine Transformation €" von ( über, welche von einer 
periodischen, ganzzahligen, homogen-linearen Transformation der 
Determinante + 1 nur beschränkte Abweichungen aufweist, mithin 
sich, ebenso wie die letztere Transformation, periodisch, eineindeutig 
und stetig auf den unendlichfernen Kreis von ( ausdehnen lässt, 
wobei dieser Kreis einen invarianten Umlaufssinn, mithin keinen 
invarianten Punkt besitzt, so dass 2" im endlichen von C’ und deshalb 
auch t auf R einen invarianten Punkt besitzen muss. Weil somit 
die Modulfläche B von t von R nicht unverzweigt überdeckt wird, 
so bezitzt B nach der obigen Hurwırzschen Formel den Zusammen- 
hang der Kugel und liegt $ nach der Art einer regulären Riemann- 
schen Fläche vom Geslecht 1 n-blättrig und mit einem n-blättrigen 
Verzweigungspunkte im eben ermittelten für £ invarianten Punkte 
über 3 ausgebreitet. Hieraus folgt, dass nur vier Fälle möglich sind '): 

I. n=2; R überdeckt B mit vier zweiblättrigen Verzweigungs- 
. punkten. 

I. n=6; R überdeckt B mit einem zweiblättrigen, einem drei- 
blättrigen und einem sechsblättrigen Verzweigungspunkt. 

Il. n=4; R überdeckt B mit zwei vierblättrigen und einem 

zweiblättrigen Verzweigungspunkt. 

IV. n=3; R überdeckt B mit drei dreiblättrigen Verzweigungs- 


punkten. 


1) APPELL et Goursar, Theorie des fonctions algebriques, Paris, Ganthier- 
Villars, 1895, S. 241. 
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In jedem dieser vie" Fälle ist die Transformation ? durch die 
angegebene Struktur der entsprechenden Riemannschen Fläche voll- 


ständig charakterisiert. 
$ 3. Imvolutorische T’ransformationen mit umkehrender Indikatrin. 


Wir bezeichnen die Menge der für die betrachtete Transformation 
{ des Torus R invarianten Punkte mit /. Alsdann sind drei Fälle 
zu unterscheiden: 

«. Die Komplementärmenge von I in R besteht. aus mehr als einem 
(Febiete. Weil keines dieser Gebiete von ? in sich mit invarianten 
Randpunkten transformiert werden kann, so werden dieselben von 
{ paarweise verwechselt. Zwei derartige von ? verwechselte Gebiete 
g, und g, müssen aber eine gemeinsame Grenze besitzen, welche 
sowohl für y, wie für g, unbewallt') ist, was nur möglich ist, wenn 
sie aus zwei äquivalenten Zykelu besteht. Dann aber wird ? für ein 
geeignetes torisches Koordinatensystem wie folgt dargestellt: 

y=—9 
y = 

?. Die Komplementärmenge von 1 ın R besteht aus einem einzigen, 
nicht mit R identischen Gebiete g. Wenn g nicht schlichtartig wäre, 
so würde mit f eine involutorische Transformation mit umkehrender 
Indikatrix der einfach zusammenhängenden Ueberlagerungsfläche-S 
von A, deren invariante Punkte nur ein einziges Gebiet begrenzten, 
korrespondieren, was unmöglich ist. Weil mithin g schlichtartig ist, 
so werden seine Ränder von i paarweise verwechselt‘). Zwei derartige 
von £ verwechselte Ränder », und r, sind aber beide für g unbewallt, 
so dass sie in einem Zykel k von AR zusammenfallen und das Gebiet 
9+% nicht mehr schliehtartig ist. Eventuelle Ränder des Gebietes 
94% müssten einerseits für 2 invariant sein, andererseits von Z 
paarweise verwechselt werden, können mithin nieht existieren, so 
dass g+% mit Z identisch ist und ? für ein geeignetes turisches 
Koordinatensystem wie folgt dargestellt wird: 

p=—y 
vVaU+g. 

y. Die Menge I fällt fort. In diesem Falle besitzt ? eine geschlossene, 
einseitige Modulfläche M, welche R als ihre zweiseitige Verdoppelung 
besitzt, mithin notwendig eine einseitige Ringfläche sein muss. Wir 
können also auf M zwei einander nicht treffende einseitige Zykeln 
r, und r, wäblen. Weil », und r, die nicht zu ihnen gehörenden 


I) Math. Annalen 71, S. 321. 
°, Ibid. 80, S. 36—41. 
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Punkte von M nieht in getrennte. Gebiete zerlegen, so können auch 
die Bilder s, uud s, auf R von », und », die nieht zu ihnen ge- 
hörenden Paare von für £ äquivalenten Punkten von R nicht in 
getrennte Gebiete zerlegen, d.h. s, und s, zerlegen R in zwei für 
! äquivalente Gebiete und ? wird für ein geeignetes torisches Koor- 
dinatensystem wie folgt dargestellt: 


r 


A (0% 
vy-+a. 


$ 4 Nicht-involutorische Transformationen mit umkehrender 
Indikatrix. 


Sei i die betrachtete 2n-periodische Transformation des Torus AR. 
Weil für n > 1 keine 2n-periodische, ganzzahlige, homogen-lineare 
Transformation der Determinante — 1 in zwei Variabeln existiert, 
so lässt ? die Zyklosis von AR invariant, besitzt mithin als Modul- 
fläche einen Torus 7, auf welchem das Bild von ? eine involuto- 
rische Transformation f, mit umkehrender Indikatrix darstellt. Wir 
führen auf 7 die nach $ 3 zu £, gehörigen torischen Koordinaten 
p und w ein, betrachten zwei durch die Gleichungen „= «a und 
y—=—a bestimmte Zykeln r, und r, von 7’ und bezeichnen die 
Bildzykeln von », auf Bam se ie Mm eilwalle Zykeln 
„s; für t äquivalent sind und ihre zyklische Reihenfolge von / um- 
gekehrt wird, so kann ihre Anzahl nur zwei betragen und muss 
m—1 sein. Mithin wird die alle Punkte von A invariant lassende 
Transformationsgruppe der einfach zusammenhängenden Ueberlage- 
rungsfläche S von R und 7’ durch die Translationen 


I po —=gp-+ 20 
und 
vV"_=w-+ 2nn w=w-+2hn 
erzeugt. Wenn wir nunmehr % und w— hp auf 7 als neue torische 
Koordinaten (yp,%) einführen, so werden diese Translationen durch 


u Tu) PARLG 
y=y Be: % Der 
v=y+42nn Be 
und i, durch | 
y=—y y=—Y 
EEE ah " = y+kp+n, 
mithin Z in denselben Koordinaten durch 
I — = —1 
vlg bzw. 5 j 
v—Ww-+ kp+ 2yn 


veytkp+l@gtl)m 
also auf jeden Fall durch : 
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p=—y 
v=y+kgp+gr 
und in korrespondierenden torischen Koordinaten von AR dureh 
V=—ıy 
k g 
| vV—yp-+ ni ze ; 


N n 
dargestellt. Auf Grund der Eindeutigkeit von ft auf R muss -— —= 
i n 
einer ganzen Zahl e sein. Indem wir aber für geeignetes d,y und 
w—byp auf R als neue torische Koordinaten (g,y') einführen, können 


wir erreichen, dass e entweder — 0 oder = 1 wird, so dass wir 
schliesslich für 2 zu den folgenden Formeln gelangt sind: 
| y=—y o'=—yg 
nr q bzw. g | 
Were (V=v+teo+. Tr | 
n i n 


wo g und n relativ prim sind. 


. 


